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Abstract

Metal rolling is a widespread and well-studied process, and many �nite-element (FE) rolling simulations can be found
in the scienti�c literature. However, these FE simulations are typically limited in their resolution of through-thickness
variations. In this paper, we carefully assess the accuracy of a number of FE approaches, and �nd that at least 60
elements through-thickness are needed to properly resolve through-thickness variation; this is signi�cantly more than is
used elsewhere in the metal rolling literature. In doing so, we reveal an oscillatory stress pattern, which is not usually
observed in simulations but which we can validate by comparison with recent analytical work, and which is completely
deterministic, not arising from numerical noise or error. We discuss the physical basis of these oscillations and their
implications for outcomes such as curvature in asymmetric rolled sheets. Accurate through-thickness variation of stress
and strain will also have implications for modelling of microstructure evolution and damage.

Keywords: �nite element, plasticity, elasticity, cold rolling, residual stress.

1. Introduction

In cold rolling, a sheet of metal, whose temperature
is below the material recrystallisation temperature, is
gradually fed between two rotating rollers. The rollers
are held at a �xed separation that is less than the
initial thickness of the sheet and act to permanently
deform the sheet so that its thickness is reduced as
illustrated in Figure 1. Mathematical models of the cold-
rolling process have been used for many years to make
predictions, optimise system design and tighten process
speci�cation (Orowan, 1943; Horton and Allwood, 2017;
Wehr et al., 2020). Waste reduction is also an important
motivator in this context as the production of steel and
aluminium grows year-on-year and is a major contributor
to global energy consumption and CO2 emissions (Milford
et al., 2011; Allwood et al., 2016; World Steel Association,
2024).

In this paper we study cold rolling using �nite element
(FE) analysis, but go beyond the previous literature by
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Figure 1: Schematic of the metal rolling process. The sheet moves
from left to right and its thickness is reduced by the roller. Symmetry
about the centre of the sheet (z = 0) is assumed, so only the top roller
and top half of the sheet are modelled in this work.

focusing in detail on through-thickness variations. We
show that rolled sheets contain a rich and detailed stress
pattern with repeating oscillations that have not been
properly resolved previously. These oscillations do not
arise from noise, vibrations or uncertainty, but rather are
completely deterministic. Furthermore, these oscillations
have implications for the existence of deforming and non-
deforming zones inside the roll gap (see Figure 2a) and
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Figure 2: Deformation zones in a metal sheet during rolling: (a)
deformation zones reported by Tarnovskii et al. (1965). Region I
has �restricted deformation�, II has thinning, and III and IV have
thickening. (b) PEEQ rate predicted here. Grey zones are not
�owing, even if they are at yield, while darker zones are shearing.
The thickness-to-length ratio of the roll gap is O(1) in (a) and 1/8
in (b).

for the downstream properties of rolled metal sheets. The
research aims of this paper are as follows:

1. Assess the suitability of typical FE models for
resolving through-thickness variations in metal sheet
rolling.

2. Systematically develop an FE modelling approach
which fully resolves internal stress patterns, with
validation.

3. Use the FE model to predict and investigate stress
oscillation patterns inside the roll gap during metal
sheet rolling, as well as through-thickness variation
of residual stress in rolled metal sheets.

In Section 2, we investigate predictions of through-
thickness stress and strain variations in existing FE and
analytical models. In Section 3 we outline the speci�cs of
the metal rolling process considered here together with the
implicit and explicit analyses considered in ABAQUS. We
conduct a mesh study and compare implicit and explicit
models in terms of their ability to accurately predict
through-thickness stress variations. We also show that

roll force and torque are poor determinants of the optimal
mesh size and of the steady state condition. In Section 4
we present predictions of stress and deformation generated
by our FE simulations, with an emphasis on quantifying
oscillatory mechanics inside the roll gap. In Section 5
we provide a physical interpretation of our observations,
as well as further validation, by comparison with a new
analytical model from Erfanian et al. (2024). In Section 6
we draw conclusions and brie�y discuss the future plans
for our FE simulations.

2. Literature review

Signi�cant e�ort has been devoted to modelling a
rich variety of complexity in rolling processes in the
engineering lieterature (Montmitonnet et al., 2016; Hu
et al., 2021). Here we provide an overview of some existing
analytical and FE rolling models that consider through-
thickness variations in their analyses, and demonstrate
their strengths and limitations. Early mathematical
descriptions of cold rolling used a �slab� approach
pioneered by Orowan (1943). Slab models treat the sheet
as a series of vertical slabs, assuming the slabs remain
vertical throughout the rolling process and that stresses
are uniform across the sheet thickness. While this simple
mathematical description can yield reasonably accurate
predictions of the roll force and torque required for a
given thickness reduction, they automatically disregard
any through-thickness e�ects (Minton et al., 2016).
Experimental observations of deformation led to pictures
like the one shown in Figure 2(a), as outlined in �2.1, with
zones of thinning, thickening and restricted deformation,
clearly demonstrating through-thickness variations in the
�ow pro�le of a metal sheet undergoing rolling. Through-
thickness variations in both stress and strain can in
principle be described with more advanced modelling
techniques such as FE analysis (Thompson, 1982; Mori
et al., 1982; Yarita et al., 1985; Lau et al., 1989; Yoshii
et al., 1991; Richelsen, 1997; Ghosh et al., 2004; Gudur and
Dixit, 2008; Lenard, 2013; Cawthorn et al., 2014; Minton,
2017), but only at su�ciently high resolution, as outlined
in �2.2, while advanced mathematical analysis can improve
on slab theory in certain regimes, as outlined in �2.3

2.1. Experimental literature

Over the last century, experimental approaches to
studying rolling included cutting grooves on the sides
of steel, aluminium and copper bars, rolling and then
cutting open multicolored plasticine bars, and embedding
pins or other inserts in metal sheets in order to observe
deformations or, where feasible, strains (Orowan, 1943;
Tarnovskii et al., 1965; Hartley et al., 1989; Boldetti
et al., 2005). Most recently, Digital Image Correlation
(DIC) has emerged as a technique for more accurately
tracking deformation at a sheet's outer edge (Jacobs et al.,
2022; Hoefnagels et al., 2022). The di�erent techniques
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expose through-thickness variations either in the interior
or at the edge of a sheet during rolling. For example,
groove-cutting by Tarnovskii and co-authors yielded the
hypothesized deformation zones in Figure 2(a) (Tarnovskii
et al., 1965), while time-integrated DIC was used by
Hoefnagels and co-authors to estimate velocities and
strains during rolling (Hoefnagels et al., 2022). In both
cases, some through-thickness variations can be observed
in the experimental observations, although the resolution
of these observations is limited by the number of grooves
or, in the case of DIC, the order of polynomial used in
image post-processing.

2.2. FE literature

Table 1 summarizes the level of through-thickness
variation presented in existing FE models in the literature,
noting the di�erent numerical approaches used (e.g., 2D
or 3D simulation, number of elements through-thickness
(2Ne), element type etc.). While several authors report
shear stress along the roller-sheet interface (Lindgren and
Edberg, 1990; Richelsen, 1996; Cawthorn et al., 2016),
Table 1 shows that few (Yarita et al., 1985; Cawthorn
et al., 2014; Minton, 2017) provide the through-thickness
shear stress variation. Given the potential implications
of oscillating shear stress on downstream quantities such
as residual stress (Flanagan et al., 2023; Erfanian et al.,
2023), we argue that a �good" FE model should be capable
of accurately predicting the oscillatory shear stress (and
other quantities) through the thickness of the sheet.

Yarita et al. (1985) plotted the shear stress versus
position in the rolling direction at four di�erent heights
from the sheet centre to the surface, since stresses were
computed with Ne = 4 reduced-integration quadrilateral
elements through the half-thickness of the sheet. Although
some through-thickness variation is observed, we will see
in �3.6 that this mesh is far too coarse to resolve these
variations accurately. Oscillations are visible in the shear
stress curves but were not mentioned in the text. Similarly,
Cawthorn et al. (2014) use Ne = 5 reduced-integration
elements in their ABAQUS/Explicit FE model, which is
too coarse for accurate resolution.

Minton (2017) considered a range of roll-gap shapes,
and noted the emergence of an oscillatory pattern in
shear, where the number of lobes in the oscillatory pattern
is proportional to the aspect ratio of roll-gap length
to thickness. In the limit of a long roll gap, many
oscillatory lobes blur together so that none are visible,
while a single sign change in shear occurs when the
roll gap length and width are the same, consistent with
most analytical models. Indeed, the author hypothesizes
that the simpli�ed phenomenology in these limiting cases
may explain why this oscillatory pattern has been largely
missed in the literature � for example, the aspect ratio
in the experiments leading to Figure 2(a) was close to 1,
appropriately yielding a single �oscillation�. We note that
the mesh used by Minton (2017) was still relatively coarse,
with Ne = 9�15, and that the means of determining a

steady state is by analysing roll force and torque, which
we will see below is a poor steady-state predictor (c.f. �3.7).

Elsewhere in the literature, Olaogun et al. (2019)
focus on the role of temperature and �nd an oscillatory
pattern in their heat �ux contour plots. During plastic
�ow, mechanical energy is dissipated as heat, and
plastic �ow takes place in metals predominantly by
shearing (Howell et al., 2009), so one might reasonably
expect a relationship between the heat �ux oscillations
observed by Olaogun et al. (2019) and any shear stress
oscillations that exist during rolling. Finally, many other
authors have illustrated through-thickness variation but
only via quantities that are not signi�cantly oscillatory,
such as longitudinal stress, e�ective stress or equivalent
strain (Thompson, 1982; Mori et al., 1982; Lau et al.,
1989; Yoshii et al., 1991; Richelsen, 1997; Ghosh et al.,
2004; Gudur and Dixit, 2008; Lenard, 2013). Others
report through-thickness variations via mesh distortion
(Mori et al., 1982; Lau et al., 1989; Liu et al., 1987). Tadi¢
et al. (2023) study the longitudinal residual stress induced
by cold rolling through-thickness inhomogeneities via FE
analysis, and state that it is �imperative� to determine
the through-thickness stress distributions during cold
rolling to accurately predict and control the impact
of longitudinal residual stress on the appearance and
properties of cold-rolled strips. However, Tadi¢ et al.
(2023) select their mesh density (Ne = 8) by satisfying
convergence conditions concerning the mean value of the
contact stress. We will see in subsection 3.6 that accurate
measurements of such surface quantities does not imply
accurate through-thickness predictions, and that higher
resolution is required when through-thickness predictions
are desired. Li and Kobayashi (1982) present contour
plots of shear strain rate at a low resolution inhibiting any
oscillatory pattern observation. Liu et al. (1988) presented
cross-sectional pro�les of strain components from three-
dimensional simulations which contain hints of oscillations
but these patterns are not commented on. The results of
Misovic et al. (2016) for displacement and velocity also
hint at a possibility of oscillations, but are only presented
at the sheet centre and surface.

It is clear that a reliable FE model, one capable of
accurately predicting through-thickness stress and strain
variations, is absent from existing literature. We aim to
provide such a model, which can be used to guide and
compare with faster analytical models.

2.3. Mathematics literature

Asymptotic analysis is useful for modelling physical
processes where the smallness (or largeness) of a
fundamental process parameter can be exploited (Murray,
2012). This type of analysis is particularly useful for cold
rolling, where the roll-gap aspect ratio is typically large
(Cawthorn et al., 2016), i.e., 1/ε = L/h0 ≫ 1, where h0

is the initial half-thickness of the sheet and L =
√
2R∆h

is the approximate horizontal length of the roll gap (see
Figure 1).
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Table 1: Summary of FE models in the literature that consider through-thickness variations. Note that 2Ne represents the number of elements through the full thickness of the sheet,
PEEQ is plastic equivalent strain and the material models are elastic-plastic (EP), rigid-plastic (RP), elasto viscoplastic (EVP) and elastoplastic (EoP). The * indicates that oscillations
are visible in certain FE results, but are not directly discussed in the paper.

Reference 2D

or

3D

2Ne Element type Material

model

Through-thickness

variations

Symmetric

system

Oscillatory

pattern

Current work 2D 10�80 Plane-strain 4-node,
reduced-integration

EP Shear, von Mises, PEEQ,
PEEQ rate

✓ ✓

Li and Kobayashi
(1982)

2D 10 RP Mesh distortion, relative
velocities, normal/shear
strain rates, PEEQ

✓

Thompson (1982) 2D 12 Six-node triangular EVP E�ective stress ✓

Mori et al. (1982) 2D 10 Isoparametric quad
full integration

RP Mesh distortion, PEEQ rate,
normal stress

✓

Liu et al. (1985) 3D 8�10 8-node brick EP Velocity �ow patterns ✓

Yarita et al. (1985) 2D 8 Quad,
reduced-integration

EP Stress components ✓ ✓∗

Liu et al. (1987) 3D 6 EP Mesh distortion ✓

Mori and Osakada
(1987)

2D 14 Quad RP PEEQ rate, pressure ✓

Liu et al. (1988) 3D 3 8-node brick EP Incremental strain compo-
nents

✓ ✓∗

Lau et al. (1989) 2D 20 Quad EP Mesh distortion, PEEQ ✓

Yoshii et al. (1991) 2D 8 RP PEEQ, PEEQ rate Asymmetric

Malinowski and
Lenard (1992)

2D 18 4-node EoP Stress (centre & surface only) ✓

Richelsen (1997) 2D 18 Quad EVP Mesh distortion, PEEQ, hori-
zontal stress

Asymmetric

Ghosh et al. (2004) 3D 10 8-node brick,
reduced-integration

EP E�ective stress, PEEQ ✓

Gudur and Dixit
(2008)

2D 8 Rectangular RP PEEQ ✓
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Shahani et al. (2009) 2D 16�18 Plane-strain 4-node VP Temperature, strain, strain
rate, e�ective stress

✓

Lenard (2013) 2D Isoparametric quad
elements

EP PEEQ ✓

Cawthorn et al. (2014) 3D 10 8-node brick
reduced-integration

EP Vertical, shear stress compo-
nents

✓

Zhou et al. (2016) 3D 12 8-node brick
reduced-integration
temperature-coupled

EP Normal stress, pressure,
displacements (edge only)

✓

Misovic et al. (2016) 2D 16 Square
isoparametric

RP PEEQ, displacements, veloci-
ties

✓ ✓∗

Koohbor and Moaven
(2017)

2D 36 3-noded triangular RP PEEQ, temperature ✓

Minton (2017) Both 2D:
18-30,
3D: 11

2D: Plane-strain
4-node
reduced-integration,
3D: 8-node
reduced-integration

EP Stress, velocity components Symmetric
and

asymmetric

✓

Olaogun et al. (2019) 2D 20 4-node
isoparametric

EP Temperature, heat �ux ✓ ✓

Tadi¢ et al. (2023) 2D 16 4-node square
elements

EP Longitudinal, shear and e�ec-
tive strain, longitudinal and
von Mises stress

✓

Flanagan et al. (2023) 2D 12�
100

Plane-strain 4-node
reduced-integration

EP Vertical velocity, von Mises ✓ ✓
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Domanti and McElwain (1995) assume a small
reduction in the sheet's thickness (i.e., r = ∆h/h0 ≪
1) along with the large-aspect-ratio assumption. These
assumptions enable an asymptotic analysis to be carried
out to obtain accurate solutions in the limits as ε → 0 and
r → 0. Erfanian et al. (2024) relax the assumption that the
reduction of the sheet thickness is small and also resolve
behaviour over two distinct length scales associated with
h0 and L. By contrast, Domanti and McElwain (1995)
and other authors (see, for example, Cawthorn et al.,
2016) consider variations on a length scale of L only. The
multiple-scales analysis of Erfanian et al. (2024) recovers
slab theory at leading order, and at higher orders predicts
through-thickness oscillations in stress and velocity in the
roll gap. These through-thickness variations have also
been captured by the current authors in a preliminary
conference proceedings (Flanagan et al., 2023). Note
that the Erfanian et al. (2024) model is limited to rigid-
perfectly-plastic materials, while FE models can integrate
elastic-plastic material behaviour to capture elasticity and
strain hardening.

3. Simulation details

In this section we outline the FE models used in
this work. A more pedagogical presentation of how
they work can be found in the Supplementary Material
(Section 1, drawing on references (Tarnovskii et al., 1965;
Minton, 2017; Lindgren and Edberg, 1990; Cawthorn et al.,
2016; Hadadian and Sedaghati, 2019; Dassault Systémes,
2021; Jiang and Tieu, 2002; Natário et al., 2014; Gavalas
et al., 2018; Padhye, 2023; Min et al., 2006; Ktari et al.,
2012; Edberg and Lindgren, 1993; Díaz et al., 2021; Jung
and Yang, 1998).) We include key information about
the geometry, material, dynamics, mesh, contact and
computer precision settings.

3.1. Model geometry

Since the metal sheet's width�thickness ratio is, in
general, large in cold rolling (e.g. Hacquin et al. (1996);
Yao et al. (2019, 2020) all employ a width�thickness
ratio that is at least 100), we consider an idealised two-
dimensional geometry by assuming plane-strain conditions
apply (in line with Lenard, 2013; Richelsen, 1996; Jacobs
et al., 2023). We use the model geometry illustrated in
Figure 1, considering the top half of the sheet only and
assuming symmetry about z = 0. We consider a rigid roller
of radius R = 257.45mm, rolling a sheet of initial half-
thickness h0 = 2mm, and impose an approximate half-
thickness reduction of ∆h = 0.5mm. This corresponds
to ε = h0/L = 0.125, where L = 16.05mm is the
approximate horizontal length of the roll gap.

3.2. Material properties

We consider a sheet of elastic-plastic mild steel (grade
DC04) (Spittel and Spittel, 2009); this deforms elastically

up to an initial yield stress of Y = 477.2MPa, and the yield
stress increases to 650.25MPa at a true plastic strain of
1.1 as a result of strain hardening. The Young's modulus
and Poisson's ratio are taken to be E = 206.3GPa and
ν = 0.3 respectively. For all explicit analyses, the density
of the material is de�ned as ρ = 7831.3 kgm−3.

3.3. ABAQUS solver and elements

FE simulations reported in this work were conducted
using ABAQUS 2021 (Dassault Systémes, 2021).
ABAQUS software o�ers both implicit and explicit solvers.
For cold rolling it is not immediately clear which solution
type is better, so we investigate both possibilities in
depth in the Supplementary Material (Section 2, drawing
on references (Malinowski and Lenard, 1992; Shahani
et al., 2009; Olaogun et al., 2019; Flanagan et al., 2023;
Lindgren and Edberg, 1990; Hadadian and Sedaghati,
2019; Dassault Systémes, 2021; Shangwu et al., 1999;
Safaei and De Waele, 2011; Qiao et al., 2016; Sun, 2006;
Souto et al., 2022; Zhang et al., 2022; Yang et al.,
2019; Matsubara et al., 2024; Gao et al., 2024; Qian
et al., 2010)). In our explicit analysis, numerical noise
appears with increasing mesh resolution; we attribute
this to the lack of convergence checks performed by
ABAQUS/Explicit at each time step. These artefacts
can be removed by implementing additional sti�ness-
proportional damping (Flanagan et al., 2023), but in light
of this divergence and the lack of equilibrium checks, we
use ABAQUS/Standard for our analysis. In a detailed
investigation presented in the Supplementary Material,
we �nd that a standard implicit analysis (CPE4 elements)
su�ers from shear locking when the resolution is increased
to the level we require. This can be overcome using
either �incompatible� elements (CPE4I) or plane-strain
reduced-integration elements (CPE4R). The incompatible
elements increase computational time to an extent that
severely limits the mesh resolution we can feasibly achieve,
so we use reduced-integration (CPE4R) elements for this
analysis.

3.4. General FE model conditions

We �rst initialize sheet�roller contact in a bite step,
and subsequently rotate the roller to deform and translate
the sheet in a rolling step. To ensure contact convergence
between the sheet and the roller, the bite step occurs over
a time increment of 1 s. The rolling step occurs over a time
increment of 0.1 s. This is enough time for approximately
8 roll-gap lengths to be rolled when R = 257.45mm. No
tension is applied at the sheet ends.

The sheet's horizontal centre line (i.e., the symmetry
axis in Figure 1) is constrained vertically to enforce
the expected symmetry. This modelling choice reduces
the computational intensity of the problem, and in turn
facilitates the use of a �ner mesh. The centre of the roller
is de�ned as a reference point and boundary conditions,
depicting the movement of the roller, are applied to this
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Feature Setting

Step type Static, general
Amplitude curve Instantaneous
Contact tracking State-based

Contact discretisation Surface-to-surface

Table 2: FE model settings.

location. Initially, the roller and the sheet are not in
contact, but are set up such that the roller is positioned
above the sheet. In the bite step the roller is slowly
translated vertically (via a velocity boundary condition)
to indent the sheet, but no rotation of the roller occurs
in the bite step. In the rolling step, the roller reference
point is �xed so its only degree of freedom is rotation in
the rolling direction, and the roller is given a tangential
velocity of RΩ = 1287.25mms−1 (corresponding to an
angular velocity Ω = 5 rad s−1, applied instantaneously).
A bite step is used here, instead of starting the strip in
front of the roll gap and feeding it in in some way, as
the bite-then-roll simulations showed fewer initial contact
issues and converged more quickly to steady state (as also
described by Minton, 2017).

Our FE model settings are summarized in Table 2.
To ensure computational precision, full nodal output
was requested for all simulations in this work. This
is equivalent to double precision in explicit simulations.
Meshing is applied using a global seed formulation with
a structured meshing technique. Varying levels of mesh
density were considered and the optimal mesh is discussed
in detail in �3.6.

3.5. Contact conditions

We assume the roller is rigid and de�ne it as the
main surface for contact between the roller and the
sheet. The deformable sheet surface is then de�ned
as the secondary surface. Hard pressure-overclosure
contact is the most common contact pressure�overclosure
relationship (Dassault Systémes, 2021) and, in principle,
has zero contact pressure until contact occurs, whereupon
it immediately increases to in�nity to prevent penetration.
In practice, however, this in�nite spike in contact pressure
is numerically challenging, and so the zero-penetration
condition may or may not be strictly enforced depending
on the constraint enforcement method used. Here, we use
ABAQUS' default penalty constraint enforcement method,
which approximates hard pressure-overclosure behavior, so
some degree of penetration will occur.

For cold-rolling processes we expect signi�cant relative
motion between the rigid roller and the deformable sheet.
To account for relative motion between the roller and sheet
surfaces, a �nite sliding formulation is adopted. Friction
between the roller and the sheet is de�ned through the
isotropic Coulomb friction model, which is regularly used
in FE simulations of rolling (e.g., (Mori et al., 1982; Yoshii
et al., 1991; Gudur and Dixit, 2008; Minton, 2017; Li and

Elements
per half-
thickness

CPU
time

(hours)

von
Mises
stress

shear
stress

PEEQ

5 0.25 20.55% 45.48% 7.24%
10 1.16 12.97% 24.3% 4.33%
15 3.2 9.74% 14.51% 2.93%
20 7.09 5.71% 9.24% 2.02%
30 15.89 3.68% 4.9% 1.09%
40 76.75 - - -

Table 3: Compute time and error in simulations with Ne = 5�30,
benchmarked against a simulation with Ne = 40. Errors are given
as the maximum deviation relative to the maximum absolute value
inside the roll gap.

Kobayashi, 1982)). For industrial cold rolling mills the
friction coe�cient typically lies in the range of µ = 0.02−
0.15 (Mang, 2014); in this work we use µ = 0.1.

3.6. Mesh sensitivity study

We carry out a mesh convergence study for implicit
simulations with CPE4R elements, ranging the mesh
density from 5 to 40 elements through the sheet half-
thickness. The simulation with 40 elements through-
half-thickness has a CPU time on the order of days (see
Table 3) so has limited usability practically, but is useful
for benchmarking lower-mesh-density simulations.

We run FE numerical simulation with di�erent
numbers of elements through the sheet half-thickness (N =
5, 10, 15, 20, 30 and 40), and extract the von Mises
stress, shear stress and PEEQ (plastic equivalent strain)
at three representative distances through the roll gap
(x = 0.025L, x = 0.6913L and x = 1.09L, illustrated in
Fig. 3a)1. These quantities are plotted as a function of
vertical distance from the sheet mid-surface in Fig. 3(b�d).
It is immediately apparent that the Ne = 5 and in some
cases Ne = 10 results have substantial qualitative and
quantitative di�erences from the higher-resolution results.
For example, the Ne = 5 simulations do not capture non-
monotonicity in the von Mises stress at x = 1.09L (dashed
lines in Fig. 3b), the shear stress at x = 0.6013L has the
incorrect sign (dotted lines in Fig. 3c) and low-and-high
PEEQ zones are not properly captured at x = 0.025L
(solid lines in Fig. 3d). It is notable, therefore, that Yarita
et al. (1985) and Cawthorn et al. (2014) used Ne = 4 and
Ne = 5 reduced-integration elements respectively through
the half-thickness of the sheet, which our results suggest
is too coarse a mesh to accurately capture the through-
thickness stress and strain distributions in the sheet.

We complete our mesh convergence study by
calculating the error for Ne < 40 relative to Ne = 40

1These speci�c positions are chosen because they correspond to
the positions of maximum relative error in the three quantities of
interest; see Fig. S5 in the Supplementary information for errors as
a function of horizontal position.
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x = 0.025L 0.6913L 1.09L

Symmetry axis (z=0)

(a)

(b)

(c)

(d)

Figure 3: FE simulations are compared by interpolating along
vertical lines at x = 0.025L, 0.6913L and 1.09L, depicted with
solid, dotted and dashed lines respectively in (a). These are the
three x-positions with the largest errors (Supplementary Material).
Von Mises stress (b), shear stress (c), and PEEQ (plastic equivalent
strain, d), are shown as a function of distance from mid-surface,
evaluated the positions shown in (a) with the line types shown
in (a), for simulations with di�erent numbers of elements through
half-thickness (Ne = 5, 10, 15, 20, 30, 40), with roller radius
R = 257.45mm and roll gap aspect ratio 1/ε = 8.

(a)

(b)

Figure 4: Time-history plots of (a) roll force and (b) torque per
unit width during the rolling analysis step for implicit simulations
with Ne = 5, Ne = 30 and Ne = 40 CPE4R elements. Relatively
steady average force and torque values are observed after 0.001 s for
each simulation. All simulations have radius R = 257.45mm and
ε = 0.125.

simulations. Results are interpolated in the z-direction
to facilitate comparison between di�erent mesh densities.
The error in all three quantities (von Mises stress, shear
stress and PEEQ) is below 5% for Ne = 30, and we use
this mesh for simulations in the remainder of the study
below.

Finally, we note that the roll force and roll torque have
the same average value for Ne = 5 as for Ne = 30, 40,
albeit with some oscillations in time (see Figure 4. Using
these quantities as measure of mesh convergence, as is
common in the literature, would have suggested that Ne =
5 is su�cient mesh resolutions. Roll force and roll torque
are therefore not suitable measures of convergence when
through-thickness variations are of interest.

3.7. Steady-state determination

In Section 2 we noted that steady-state checks in FE
simulations are often de�ned in terms of roll force and/or
roll torque in the literature. Figure 4 suggests that for
all mesh sizes, these quantities reach a platueau (up to
some repeating oscillations in the case Ne = 5) by time
t ≈ 0.001 s. Here we carry out a more indepth study of
time convergence, demonstrating that steady roll force and
torque does not reliably re�ect a steady internal stress
state. We extract von Mises stress, shear stress and
PEEQ at �ve timepoints (t = 0.001s, 0.0022s, 0.0033s,
0.0802s, 0.0901s, 0.1s) at three distances through the
roll gap (x = 0.025L, x = 0.6913L and x = 1.09L,
illustrated in Fig. 3a). These quantities are plotted as
a function of vertical distance from the sheet mid-surface
in Fig. 5. It is immediately apparent that the internal
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(a)

(b)

(c)

Figure 5: Von Mises stress (a), shear stress (b), and PEEQ (plastic
equivalent strain, c), as a function of distance from mid-surface,
evaluated at horizontal positions x/L = 0.025 (solid lines), 0.6913
(dotted lines) and 1.09 (dashed lines) at di�erent time points t =
0.0011, 0.022, 0.0033, 0.0802, 0.0901, 0.1. Simulations are carried
out with Ne = 30 CPE4R elements for roller radius R = 257.45mm
and roll gap aspect ratio 1/ε = 8.

stresses and strains at x = 1.09L are far from steady
at t = 0.0011; this is notable because the roll force and
torque are already steady by this time. More generally,
the stresses and strains at all three horizontal positions
are indistinguishable to the naked eye for t ≥ 0.0802 s. We
extract the data used for the remainder of this paper at
t = 0.0802 s to both ensure steady results and to facilitate
velocity calculations in postprocessing.

4. Numerical results

In this section, we present some notable outputs from
our FE simulations, highlighting the emergence of a
deterministic oscillatory pattern in the shear, PEEQ rate
and velocity pro�les of metal sheets during cold rolling.
The PEEQ rate and velocities are computed during post-

processing, via a method outlined in the Supplementary
Material (Section 4). We also compute the residual stress
in the sheet after rolling and discuss its connection to
the oscillatory pattern in stress and strain quantities
in the roll gap. This connection is likely to have a
strong relationship with curvature in asymmetric rolling,
a phenomenon that is often incorrectly predicted (Minton
and Brambley, 2017).

4.1. Oscillations

4.1.1. Shear lobes

The left column of Figure 6 shows our FE prediction of
shear stress in sheets undergoing rolling in three di�erent
roll gaps corresponding to aspect ratios 1/ε = 1/0.175,
1/0.125 and 1/0.075. In each of the three cases, we observe
a clear oscillatory pattern, with the shear stress varying
from −150MPa to +150MPa, and with lobes of positive
and negative shear stress appearing with regular spacing
on both sides of the sheet mid-surface. The number of
lobes increases as 1/ϵ increases, which is consistent with
preliminary �ndings from Minton (2017). These lobes are
not typically reported in FE modelling of cold rolling (c.f.
Table 1) and could be mistaken for numerical error, but
they have also been predicted by recent analytical work
(c.f. the right column of Figure 6 and Section 5.2).

4.1.2. Deforming and non-deforming zones

Figure 7 shows von Mises stress and PEEQ rate
contour plots, along with the sheet's surface and central
velocity magnitudes, for the simulation presented in
Figure 6(b) (R = 257.45mm, ε = 0.125). From
Figure 7(a), we see that the von Mises stress does not drop
below yield in the interior of the roll gap, as expected.
However, the PEEQ rate plot in Figure 7(b) reveals a
far richer and more complex layer of dynamics. A clear
wave-like structure can be seen, mirroring the oscillatory
pattern in shear in Figure 6. The plastic deformation is
highly localized in very thin bands, oriented diagonally
and oscillating back and forth across the sheet. In the
regions between these bands, where the PEEQ rate is zero,
the material appears to translate as a solid body, with no
plastic �ow, even though it is at yield. This is unexpected
and may have major implications for hardening and the
development of microstructure in the rolled sheet.

We investigate the emergence of rapidly-deforming
and non-deforming zones further by plotting the velocity
magnitude at the surface and centre of the sheet in
Figure 7(c) (solid and dashed curves, respectively). The
speed of the roller (black dotted line) is also shown for
comparison. According to these curves, the sheet surface
initially accelerates when it enters the roll gap and comes
into contact with the squeezing roller, as expected from
conservation of mass and Coulomb friction. However,
the sheet centre does not yet deform under the squeezing
e�ect, and remains at its initial speed. The velocity at the
sheet centre does not increase until x/L ≈ 0.1 while the
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Figure 6: Contour plots of shear stress from simulations with Ne = 30 elements. In all cases the stress is measured in MPa. The left panel
(a-c) shows FE simulations and the right panel (d-f) shows analytical results from Erfanian et al. (2024) for three di�erent ε values: ε = 0.175
(top row, R = 130.6mm), ε = 0.125 (middle row, R = 257.45mm) and ε = 0.075 (bottom row, R = 710mm). Data is presented inside the
roll gap only, between x/L = 0 and x/L = 1, since Erfanian et al. (2024) do not consider deformations outside the roll gap.

sheet surface velocity begins to increase at x/L ≈ 0. From
Figure 6 we know that the shear stress has a non-linear
distribution through the sheet thickness, and this delayed
response to velocity changes is therefore expected. The
velocity of the material at the sheet's horizontal centre
does not change until the information from the surface
reaches the sheet's centre. The acceleration is transmitted
to the centre of the sheet via the shear, as shown in
Figure 6, so it begins to accelerate later. However,
the surface then stops accelerating, in line with the
translation-only region (i.e., zero PEEQ rate, as observed
in the PEEQ rate results). This means that the mid-
surface temporarily accelerates to a faster velocity than the
surface. This behaviour is, again, somewhat unexpected,
since one might intuitively expect the material velocity
to be highest near the sheet surface, where the forcing is
imposed. The pattern then repeats, and both regions move
through consecutive intervals of acceleration and rigid
translation, with the respective velocities leap-frogging
each other repeatedly. Furthermore, we observe that one of
the velocity plateaus on the surface coincides with the roll

velocity, so a �stick� region emerges naturally around the
neutral point2. This allows the shear stress to smoothly
change from positive to negative on the surface as the sheet
sticks to the rollers for a small portion of the roll gap, as
was observed at the sheet's surface near the neutral point
in the FE results in Figure 6.

4.2. Residual stress

The through-thickness variation of the stress inside
the roll gap illustrated in Figure 7(a) has a knock-on
e�ect on the residual stress after rolling. In Figure 8(a)
we consider a symmetric simulation with a roller radius
R = 32mm (ε = 0.354), and all other parameters the
same as described in Section 3, and include data from
the region x/L > 1, i.e. beyond the roll gap. The von
Mises stress here gives an indication of the residual stress.
We observe distinct zones in the sheet centre and near its

2The neutral point is de�ned as the position at which the sheet
surface speed surpasses the roller speed and hence shear due to
friction changes direction (see e.g. x ≈ 0.6 in Figure 6c).
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(a)
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Figure 7: (a) Von Mises stress (MPa), (b) PEEQ rate (s−1) and
(c) velocity pro�les for the simulation presented in Figure 6(b)
(R = 257.45mm, ε = 0.125). The PEEQ rate and velocity
values are obtained through postprocessing of the PEEQ values and
displacements respectively (see Supplementary Material for details
of postprocessing).

surfaces, with maximal von Mises stress in the zones just
under the surface. Cross-checking against the individual
stress components reveals that the central zone experiences
lengthwise compression while the outer zones are under
longitudinal tension; this is consistent with longitudinal
stress results reported by Tadi¢ et al. (2023).

We also consider asymmetric rolling, and attempt to
predict associated curvature. In Figure 8(b), we consider
a version of the system in Figure 8(a), but with the speed
of the top roller increased by 2.5%.3. Large amounts of
residual stress are observed in the asymmetric von Mises
results, similar to the symmetric case. The magnitude
of the residual stress in the sheet for x/L > 1 is

3In this simulation we could not exploit symmetry to achieve
the mesh density used in previous simulations, so used 40 elements
through-thickness.

greater towards the bottom of the sheet, and the sheet's
curvature is towards the slower roller for this speci�c
set of parameters. We do not suggest that curvature
is always towards the slower roller because, as pointed
out by Minton and Brambley (2017), many authors have
given contradicting prediction rules for curvature during
asymmetric rolling. Rather we hypothesise that the
oscillatory pattern in stress and strain quantities presented
here, which is largely absent in the literature, in�uences
the through-thickness residual stress pro�le for x/L > 1
and in turn the curvature of the rolled sheet. Indeed, the
shifting of the oscillatory pattern as parameters are varied
likely explains the inconsistent and poorly-understood
trends in curvature reported in the literature (Minton and
Brambley, 2017). This is an important aspect of modelling
rolling since unintentional asymmetries cause turn-up and
turn-down in sheet rolling which can halt the process
or even damage the rolling table and mills, and since
asymmetries are intentionally exploited in asymmetrical
rolling to improve process e�ciency and produce curved
products (Minton and Brambley, 2017).

5. Physical interpretation and further validation

5.1. Physical interpretation

We interpret the oscillatory pattern presented in
Section 4 using insights from the mathematical analysis
of Erfanian et al. (2024). To build this interpretation, we
need the following key components:

� Stress and shear axes: For a long thin roll gap
with a small friction coe�cient, the principal stresses
are tension along the sheet axis and compression
through the thickness. The shear axes are then
o�set by 45◦ from the principal stresses, i.e. along
diagonals in the sheet. For plane strain, in the limit
of a rigid-plastic material, these diagonal lines of
maximum shear are slip lines. More generally, we
expect to see substantial plastic �ow along these lines
when the material is at yield.

� Jump in stress: When the metal sheet moves into
contact with the rollers, there is a rapid change
in applied stress at the sheet surface: this surface
transitions from a stress-free state to experiencing a
compressive normal force from the squeezing of the
rollers. This jump in stress state is the source of
all of the shear lobes that occur downstream of this
point.

We begin by considering the rigid�plastic case
illustrated in Figures 6(d�f). The sheet surface undergoes
a sudden jump from stress-free to compressed and sheared
at the top left and bottom left corners of these plots,
with the rollers applying a squeezing force that pushes the
outer surfaces of the sheet in towards its mid-surface. This
creates a shear wave, which is transmitted along the shear
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(a)

(b)

Figure 8: Contour plots of von Mises stress from FE simulations with (a) symmetric and (b) asymmetric roller speeds. The roller radius is
R = 32mm, corresponding to ε = 0.354. In (a), the tangential velocity of both rollers is RΩ = 1287.25mms−1, and symmetry is exploited
with Ne = 30 elements through-half-thickness. In (b), the tantential velocity of the bottom roller is RΩ = 1287.25mms−1, and the top roller
rotates 2.5% faster. Here, the full sheet is modelled with 2Ne = 40 elements through-thickness.

axes of the sheet, i.e. at 45◦ to the inlet. Tracking at a
45◦ angle from the top-left corner, we see a slip line along
which material will slip downward and to the right. This
continues until the slip line hits the bottom surface of the
sheet, at which point it is re�ected up and to the right,
and material is pulled in this new direction. Since the slip
lines are oriented at 45◦ to the horizontal, increasing the
length�thickness ratio of the roll gap simply increases the
number of re�ections that occur inside that space.

Moving our attention now to the elastic�plastic FE
cases illustrated in Figures 6(a�c), we observe a modi�ed
version of the same pattern. Because the sheet modelled
by our FE is elastic-plastic, the shear axes deviate
slightly from 45◦ and the transitions across these axes are
smoother. However, plastic �ow is still localized around
the shear lobe boundaries, as illustrated by the PEEQ
rate plot in Figure 7(b). Furthermore, the zig-zag shape
of these zones of plastic deformation explain the step-
wise velocity illustrated in Figure 7: the velocity of the
material increases rapidly when it moves through a zone of
high PEEQ rate, and then remains approximately constant
until it reaches the next high-PEEQ zone. This occurs
depite the fact that the material is at yield throughout the
roll gap. We note that an alternative way of visualizing the
axes of strain localization is to plot contours of p±2θY/

√
3,

where the pressure p is minus the isotropic part of the
stress tensor and θ is the anticlockwise rotation angle of
the stress element from the positive x-axis for which the
stress is in a state of pure shear (Flanagan, 2025, Chapter

2).
Finally, we draw a loose analogy between the pattern

observed here and the wake of a ship in a narrow channel.
When water �ows past the bow of a boat, there is a sudden
change in stress at the point where the water is cut by
the bow and pushed outward. This generates a wake,
which emanates from the bow at approximately 45◦. If
the boat is in a narrow channel, the wake will then re�ect
o� the channel walls, and bounce over and back across the
channel diagonally. In a similar fashion, we can interpret
the oscillations in our system as a wake emanating from
the point where the metal sheet suddenly meets the rollers.

5.2. Validation against mathematical analysis

The analytical method developed in Erfanian et al.
(2024) uses the method of multiple scales and yields a
wave-like solution for the stresses in the sheet. This
multiple-scales model is valid in the limit where the roll
gap is very long and thin, i.e. for ε → 0. We compare
our FE predictions of shear stress with the multiple-scales
prediction by comparing the left and right columns of
Figure 6. As Erfanian et al. (2024) do not consider
deformations outside the roll gap, our attention here
is restricted to values of x/L between 0 and 1 (see
Figure 1 for the domain de�nition). Both methods predict
repeating lobes of high and low shear stress, as outlined
above. The number and position of lobes predicted by
the two methods are in agreement for each value of ε, and
the magnitude of shear stress at various through-thickness
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Figure 9: Shear stress along the top surface of the deformed sheet
from the analytical model by Erfanian et al. (2024) and from
simulations with di�erent Young's modulus (E) and elastic slip
tolerance (γ) values. The default values are E = 206.3GPa and
γ = 0.005. All simulations have radius R = 257.45mm and
ε = 0.125.

positions is, in general, comparable. There are some
di�erences between the predictions from the two methods,
which we outline and explain now.

5.2.1. Through-thickness shear pro�le

One notable di�erence between the FE and analytic
models is in the shear pro�les, which can be seen between
the neutral point and the end of the roll gap. In Figure 6
the neutral point is observed in the range x ≈ 0.6L�0.75L
in all contour plots as the x-position at which the shear
changes sign on the surface of the sheet. In the FE results,
shear stress on the surface varies in a smooth fashion while
the analytical model demonstrates a distinct discontinuity
in shear stress. The discontinuous change in shear stress
seen in the analytical model is due to the slipping Coulomb
friction law that is employed. In reality, material sticks to
the roller around the neutral point (as shown in Figure 7c
above) and shear stress changes sign smoothly (Cawthorn
et al., 2016; Domanti and McElwain, 1995). This sticking
region around the neutral point is predicted in our FE
results, but not in the rigid-plastic analytical model.

5.2.2. Stick�slip region

Coulomb friction is employed in our FE model,
but frictional constraints are enforced with the sti�ness
(penalty) method. The penalty method permits some
relative surface motion (an �elastic slip�) when sticking
should occur (i.e., when the shear stress is below the
critical magnitude for sliding). While the surfaces are
�sticking" the magnitude of sliding is limited to this elastic
slip. Elastic slip is controlled computationally by a slip
tolerance factor γ. In Figure 9 we investigate the e�ect
that varying γ has on the surface shear stress results, and
observe that the gradient in surface shear steepens with
decreasing γ, but to a �nite limiting value that is far from
the in�nite slope predicted analytically.

Figure 9 also shows that increasing the Young's
modulus by a factor of six has a signi�cant e�ect on the

numerically-predicted shear stress on the sheet's surface:
the gradient near the neutral point steepens and the
position of the neutral point is closer to the position
predicted analytically. This is expected as these material
parameters more closely resemble rigid-plastic behaviour.
This suggests that the friction rule alone is not responsible
for the discrepancies between the FE and analytical results
in Figure 6, and that the rigid-plastic (i.e., no elastic
e�ects) assumption in the analytical model is also an
important contributing factor.

5.3. Experimental validation

Transferring the insight from this paper to practical
application would be greatly aided by experimental
validation. The most suitable experimental results we
observed in the literature were the deformation zones
illustrated in Fig. 2(a) from Tarnovskii et al. (1965) and
the shear strain and vertical velocity measurements in
Figure 7(j,e) of Hoefnagels et al. (2022). Both appear to be
surface measurements, so limited agreement with our 2D
plane-strain model should be expected; nonetheless they
are a useful starting point.

The Tarnovskii et al. (1965) measurements are for
a sheet whose thickness is close to the roll gap length,
so we expect one shear oscillation, corresponding to
the distinctive X shape illustrated. Repetition of this
(or similar investigations of the interior with rolled
plasticine (Orowan, 1943)) for thinner sheets or a longer
roll gap would give an excellent resource for validation
and for further investigation of the phenomenon uncovered
numerically.

The strain and velocity results in Hoefnagels et al.
(2022) are obtained using DIC and exhibit only a
slight oscillation along the sheet length. If accurate
measurements of strain rate could be obtained these would
again be a useful resource for validation. However, the DIC
process involves �tting observations to polynomials, and
the order of the polynomials determines the feature size
that can be resolved. Hoefnagels et al. use polynomials
of order 3 in the thickness direction and order 8 along the
length, which is quite likely too low to resolve the patterns
of interest to us. It is also worth noting that the standard
polynomials used here are particularly poorly suited to
�tting oscillatory/periodic behaviour; an alternative such
as Chebyshev polynomials might well represent features
more clearly with the same number of degrees of freedom.

5.4. Further parameter variation

It is reasonable to ask to what extent the novel patterns
presented here are unique to our speci�c modelling choices.
Based on the physical interpretation outlined in �5.1
and the validation against mathematical analysis in �5.2,
there is strong evidence that these oscillatory patterns are
physically meaningful and not a quirk of the modelling
or material properties. Nonetheless, we provide a brief
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discussion here of how the patterns may change if material
properties are modi�ed.

� Hardening: In this paper we considered an elastic-
plastic model with strain hardening, where the
yield stress increases from 477.2MPa initially to
650.25MPa at a true plastic strain of 1.1. The
presence of this hardening does not change the
oscillatory pattern observed in the shear, it only
causes a gradual increase in the magnitude of the
stresses along the length of the roll gap (Erfanian
et al., 2024). This makes sense because the
yield stress increases along the roll gap as strain
induced by the roller accumulates. We therefore
anticipate that increasing the magnitude of the
strain hardening would lead to further increases
in the magnitude of the stresses but would not
signi�cantly change the oscillatory pattern. Other
types of hardening, for example with strain-rate
dependence, are beyond the scope of the current
work.

� Friction: For the modelling in this paper
we considered Coulomb friction, with a friction
coe�cient µ = 0.1 selected from a typical range
0.02�0.15. The shear force applied by the rollers to
the sheet scales with µ, so if this friction coe�cient
was reduced the jump in shear stress where the
sheet meets the rollers would decrease. However,
the jump in compressive normal stress from the
squeezing e�ect of the rollers would remain, and so
we would expect the shear lobes to persist, albeit
with the possibility of a slight change in their shape
or magnitude. The possible exception is near the
neutral point, where imposing a Coulomb friction
rule exactly leads to an additional jump in shear
stress, which a�ects the shear lobes slightly. For
example, increasing the slip tolerance factor leads
to a decrease in the sharpness of this jump but
does not change the oscillatory pattern elsewhere (cf.
Figure 9).

6. Conclusion

FE rolling models in the existing literature are typically
limited in their resolution of through-thickness variations.
This is important because through-thickness variation of
stress and strain can have consequences for microstructure
evolution and residual stress. FE speci�cations such as
element types, solver type (implicit versus explicit), and
mesh density were investigated here to arrive at the �nal
FE model. This �nal FE model is a static, implicit model
with Ne = 30 CPE4R elements employed through the
half-thickness of the sheet, signi�cantly more than the
Ne = 5�10 typically used in common practice today. We
show that our through-thickness predictions compare well
with a rigid-perfectly-plastic analytical model (Erfanian

et al., 2024). Excellent agreement in shear stress was found
when comparing the analytical and FE models. Both
models captured the oscillatory nature of shear during
rolling. The relatively small discrepancies between the
shear results of the two models can be attributed to the
size of the roll-gap aspect ratio, 1/ε and the di�erences in
the material and friction models, with the analytic model
not allowing for a sticking region near the neutral point.
In the limits as ε → 0, γ → 0 and E → ∞, we hypothesise
that the agreement between the FE and analytical results
would be even further improved.

Previous studies have often relied on the convergence of
roll force and roll torque to assess the quality of numerical
rolling simulations. Here, we show that roll force and
roll torque are poor indicators of simulation quality. This
is because those averaged quantities often converge well
even for under-resolved simulations that fail to accurately
predict other quantities of interest such as the through-
thickness stress distribution.

Unexpectedly, our results show the existence of a
region near the neutral point where the sheet and rollers
stick, rather than slip. While care has been taken
here to ensure that the sticking region near the neutral
point is not a numerical artefact, it is a consequence
of how friction is modelled, and this may be an overly-
simpli�ed model of the friction that practically occurs
in metal rolling. Comparison with the analytical model
shows that the e�ects of this sticking region on the
stress oscillation pattern through-thickness are important
beyond the neutral point and a�ects the shear stresses at
the roll-gap exit.

All of the analysis here, and many of the previous
studies in Table 1, assume plane strain to reduce the
problem to 2D. This is valid su�ciently far from the edge
of the sheet provided the sheet is su�ciently wide and
the rolls are perfectly aligned. However, in order to study
edge e�ects, misalignment of the rolls, or less-wide sheets,
a fully 3D study would be needed. A consequence of
the analysis here is that 2Ne = 60 elements through-
thickness were needed to accurately resolve through-
thickness behaviour, and this level of detail would be
extremely computationally expensive in a 3D simulation,
especially since, to avoid elements with a large aspect
ratio, a comparably large number of across-width elements
would presumably also be needed. It may be possible to
model very narrow strips and instead assume a plane stress
condition to reduce the problem to a (di�erent) 2D model,
although this has not been investigated here.

While in this study the FE software ABAQUS
was used, we believe the principles described here are
applicable to all FE studies, and this could be veri�ed
and best practice re�ned by performing similar studies
using other commonly-used softwares. Future work could
include employing second-order elements to discretise the
metal sheet. Expanding upon the preliminary study in
�4.2 of curvature induced by asymmetric rolling might
allow for the prediction and control of curvature; the lack
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of through-thickness resolution may be what has been
preventing previous FE studies from correctly predicting
curvature from asymmetric rolling (Minton and Brambley,
2017). Further study in this area would likely be enhanced
by the use of p±2θY/

√
3 contours provisionally presented

in Flanagan (2025).
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