
Under consideration for publication in J. Fluid Mech.

Banner appropriate to article type will appear here in typeset article

A free-surface-only closure model for linear waves1

on general deep-water flows2

Emanuele Zuccoli1, Edward J. Brambley2,3 and Dwight Barkley23
1School of Mathematics, Cardiff University, Cardiff, CF24 4AG, United Kingdom4
2Mathematics Institute, University of Warwick, Coventry, CV4 7AL, United Kingdom5
3WMG, University of Warwick, Coventry, CV4 7AL, United Kingdom6
Corresponding author: Edward J. Brambley, E.J.Brambley@warwick.ac.uk7

(Received xx; revised xx; accepted xx)8

We present a spatially two-dimensional (2D) set of equations to study the propagation of9
linear deep-water surface waves over a general steady three-dimensional (3D) background10
flow with a free surface. No assumptions are made of a flat background free surface or an11
irrotational background flow. The resulting model is a significant theoretical simplification12
and enables computations that are orders of magnitude faster than those based on the13
full linearized Euler equations. The model is obtained by evaluating the linearized14
Euler equations at the free surface and introducing a closure condition for the vertical15
derivatives at the free surface. This generalizes a recent result for swirling, axisymmetric16
background flows (Zuccoli, Brambley & Barkley, 2025, Phys. Rev. Fluids 10, 024801).17
The final model consists of five coupled first-order partial differential equations (PDEs)18
expressed on the 2D free surface, involving five unknowns: the horizontal and vertical19
perturbation velocities, the free-surface perturbation height, and the vertical derivative of20
the perturbation pressure at the surface. Two test problems are used to assess the model:21
a unidirectional, depth-varying vortical base flow with a flat free surface, and a travelling22
Gerstner wave. Eigenvalues and eigenfunctions obtained from the surface-only model23
are compared with those from the full-depth linearized Euler equations. Results show24
remarkable agreement between the two. While Gerstner waves are known to exhibit three-25
dimensional short-wavelength instabilities with spanwise dependence, here we find, to the26
best of our knowledge, the first evidence of a spanwise-constant instability for sufficiently27
steep Gerstner waves.28

Key words: Waves/Free-surface flows → Surface gravity waves; Instability; Interfacial Flows29
(free surface);30
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1. Introduction31

The propagation of free-surface waves over non-trivial background flows has been exten-32
sively studied over the past several decades, motivated both by their rich dynamics and33
their relevance to a wide range of physical applications. The background flow, or base34
flow, can profoundly affect the propagation and stability of free-surface waves, leading to35
phenomena that are absent for a quiescent background flow. Examples include the stability36
of free surfaces over parallel, unidirectional shear flows (Caponi et al. 1991; Longuet-37
Higgins 1998), the stability of free-surface swirling flows (Acheson 1976; Jansson et al.38
2006; Tophoj et al. 2013; Bach et al. 2014; Mougel et al. 2014, 2015, 2017; Zuccoli39
et al. 2024), the stability of finite-amplitude periodic gravity waves with constant vorticity40
(Francius & Kharif 2017), and the modelling of waves generated by wind-driven currents41
and wakes (Dimas & Triantafyllou 1994; Young & Wolfe 2013).42

In this work, we consider linear surface waves in the form of small perturbations to a43
prescribed base flow. We neglect both viscosity and surface tension. Even in this simple44
case, the resulting linear free-surface problem is, in general, three-dimensional (3D) in45
space and therefore frequently computationally demanding. The difficulty is particularly46
pronounced when the base flow has a deformed free surface and non-zero vorticity,47
and when the horizontal domain is effectively unbounded. In the latter case, numerical48
calculations require appropriate treatment of the computational boundaries to prevent49
artificial reflection of waves (e.g. Zuccoli et al. 2024). The simultaneous presence of these50
features limits the possibility of separating the underlying spatial eigenvalue problem, as51
is possible in many simpler free-surface flows, and consequently greatly increases the52
computational cost of obtaining normal-mode solutions.53

For potential flows, the three-dimensional free-surface problem can be reduced to a
formulation involving quantities defined only on the free surface. This reduction is based on
the Dirichlet-to-Neumann (DtN) operator, which maps the value of the velocity potential on
the free surface to its normal derivative there, thereby taking into account the fluid interior
without explicitly resolving the flow throughout the depth. Following the pioneering work
of Zakharov (1968), surface formulations based on the DtN operator have been developed
extensively (Craig & Sulem 1993; Milewski & Keller 1996). For linear waves over a
quiescent fluid of constant depth 𝐻∞, the resulting surface equation can be written as

𝜕2𝜙

𝜕𝑡2
+ 𝑔G0 [𝜙] = 0, (1.1)

where 𝜙 is the velocity potential of the perturbation at the free surface and G0 is the DtN
operator for a flat surface,

G0 =
(
− ∇2

⊥
)1/2 tanh

(
𝐻∞

(
− ∇2

⊥
)1/2

)
, (1.2)

with ∇⊥ = (𝜕𝑥 , 𝜕𝑦), where (𝑥, 𝑦) are horizontal coordinates. In one horizontal spatial54
dimension, the operator G0 is commonly written G0 = −i𝜕𝑥 tanh (−i𝐻∞𝜕𝑥). In Fourier55
space, G0 acts as multiplication by |𝒌 | tanh( |𝒌 |𝐻∞), where 𝒌 is the wave vector, thus56
giving the familiar dispersion relation 𝜔2 = 𝑔 |𝒌 | tanh( |𝒌 |𝐻∞). In the infinite-depth limit,57
𝐻∞ → ∞, the DtN operator reduces to G0 = (−∇2

⊥ )1/2 and the dispersion relation becomes58
𝜔2 = 𝑔 |𝒌 |.59

Torres et al. (2018) generalized this approach to study surface waves on an axisymmetric
background potential vortex 𝑼0. They assumed that the background free surface remained
flat, thus obtaining

𝐷̂2
𝑡 𝜙 + 𝑔G0 [𝜙] = 0, (1.3)
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where 𝜙 is again the velocity potential for linear perturbations, now with respect to a60
non-zero background flow, 𝐷̂𝑡 = 𝜕𝑡 +𝑼0 · ∇⊥ is the horizontal convective derivative with61
respect to the background flow 𝑼0, and G0 is again the general DtN operator defined by62
(1.2).63

The situation is more difficult for waves propagating on vortical background flows. In64
this case, the classical DtN approach is not applicable and does not provide a closure to65
obtain a surface-only model. Interior vorticity provides additional degrees of freedom, so66
that the evolution of perturbation fields cannot in general be determined from their values67
on the free surface alone, even in the linear case. Generalized DtN formulations exists, e.g.68
(Castro & Lannes 2015; Ionescu-Kruse & Ivanov 2023), but they do not, in general, yield69
a closed system involving only free-surface variables because the bulk vorticity remains70
an independent dynamical variable. Additional assumptions concerning the behaviour of71
linear surface waves in the vicinity of the free surface are therefore necessary to obtain a72
closed system involving surface quantities only.73

Recently, the authors proposed such a surface-only approach (Zuccoli et al. 2025) to74
study the stability of deep-water surface waves on vortical axisymmetric background75
flows. The closure was motivated heuristically by the behaviour of linear surface-wave76
perturbations near the free surface, rather than being derived as a rigorous consequence77
of the governing equations. The model accounted for both free-surface deformation and78
the unbounded lateral domain, thus addressing the drawbacks outlined above. Moreover,79
the model lead to four coupled first-order PDEs, which are readily amenable to standard80
numerical treatment. However, the restriction to axisymmetric background flows severely81
limits its applicability in practice.82

In the present paper, we generalize the reduced surface-only model obtained by Zuccoli83
et al. (2025) to non-axisymmetric, depth-dependent, three-dimensional (3D) base flows.84
The resulting surface-only equations are derived in §2. To assess the validity and compu-85
tational efficiency of the surface-only model, we consider two test scenarios of increasing86
complexity in §3 and §4. For both scenarios, we compare modal solutions of the surface-87
only equations with modal solutions of the full-depth linearized Euler equations. The88
first test scenario considers a unidirectional, vertically varying base flow with a periodic89
structure in the spanwise direction. The corresponding free surface remains flat, but the base90
flow has non-zero vorticity and gives rise to a non-trivial eigenvalue problem for modal91
solutions. The second test scenario considers the stability of two-dimensional Gerstner92
waves. In this case, the base flow varies in the vertical and streamwise directions, has non-93
zero vorticity, and in some cases has a substantially deformed free surface. For both test94
scenarios, the surface-only model shows remarkably good agreement with the full-depth95
calculations in terms of both eigenvalues and eigenfunctions. For the Gerstner waves, the96
surface-only model also captures the onset of the two-dimensional instability found in97
the full-depth calculations. Finally, conclusions and opportunities for future research are98
presented in §5.99

2. Mathematical Formulation100

2.1. Governing equations and base flow101

We assume that viscosity is negligible and hence that the fluid flow is governed by the
incompressible Euler equations,

𝜕𝑼

𝜕𝑡
+𝑼 · ∇𝑼 = −∇𝑃 − 𝑔𝒆𝒛 , ∇ ·𝑼 = 0, (2.1a,b)
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where 𝑼 = (𝑈,𝑉,𝑊) is the velocity, 𝑃 is the pressure scaled by the constant density 𝜌,
𝒆𝒛 is a unit vector in the vertical direction, and 𝑔 is the acceleration due to gravity. The
fluid is contained between an upper free surface at 𝑧 = 𝐻 (𝑥, 𝑦), in general varying with
the horizontal spatial coordinates 𝒙⊥ = (𝑥, 𝑦), and a bottom boundary at 𝑧 = −𝐻∞, where
𝐻∞ is constant. We are in principle interested in the infinite-depth case, 𝐻∞ = ∞, but for
numerical simulations 𝐻∞ may be finite, in which case the fluid satisfies no penetration
through the bottom boundary: 𝑼 · 𝒆𝒛 = 0 at 𝑧 = −𝐻∞. The flow must satisfy kinematic and
dynamic boundary conditions at the free surface. We neglect surface tension and assume
the fluid above the free surface to be dynamically passive, and in particular, to have a
constant pressure 𝑃̄. Together, these give the boundary conditions

𝑃 = 𝑃̄ and 𝑼 · 𝒆𝒛 =
𝜕𝐻

𝜕𝑡
+𝑼⊥ · ∇⊥𝐻 at 𝑧 = 𝐻, (2.2)

where 𝑼⊥ = (𝑈,𝑉) and ∇⊥ = (𝜕𝑥 , 𝜕𝑦) are the horizontal velocity and horizontal gradient,102
respectively. We consider base flows 𝑼0 = (𝑈0, 𝑉0,𝑊0), 𝑃0 and 𝐻0 satisfying the time-103
independent form of equations (2.1) and (2.2).104

2.2. Linearized equations105

We are interested in the behaviour of infinitesimal perturbations to the base flow. Let
𝒖′ = (𝑢′, 𝑣′, 𝑤′) be the perturbation velocity, 𝑝′ be the perturbation pressure, and ℎ̂ the
perturbation height, so that the total velocity is𝑼 = 𝑼0+𝒖′, the total pressure is 𝑃 = 𝑃0+𝑝′,
and the total fluid elevation is 𝐻 = 𝐻0 + ℎ̂. Here we introduce the notation that 𝑞′ (𝑥, 𝑦, 𝑧, 𝑡)
denotes a perturbation quantity that exists throughout the full depth of the fluid, while
𝑞(𝑥, 𝑦, 𝑡) denotes a perturbation quantity on the surface only. Assuming the perturbations
to be small, the perturbation dynamics are given by linearizing the incompressible Euler
equations (2.1) and boundary conditions (2.2) about the base flow, resulting in

𝐷𝑡𝒖
′ + (𝒖′·∇)𝑼0 + ∇𝑝′ = 0, (2.3a)

∇· 𝒖′ = 0, (2.3b)

𝑝′ = 𝑔0 ℎ̂, on 𝑧 = 𝐻0, (2.3c)

𝑤′ =
𝜕ℎ̂

𝜕𝑡
+𝑼0 · ∇⊥ ℎ̂ + 𝒖′ · ∇⊥𝐻0 − 𝜑0 ℎ̂, on 𝑧 = 𝐻0, (2.3d)

𝑤′ = 0, on 𝑧 = −𝐻∞, (2.3e)

where 𝐷𝑡 = 𝜕𝑡 +𝑼0 · ∇ is the convective derivative due to the base flow. We have defined
two quantities on the free surface:

𝑔0 = 𝑔 +
[
(𝑼0 · ∇)𝑊0

] ���
𝐻0
, 𝜑0 =

𝜕𝑊0
𝜕𝑧

����
𝐻0

− 𝜕𝑼0⊥
𝜕𝑧

����
𝐻0

· ∇⊥𝐻0. (2.4a,b)

Here, 𝑔0 is the effective gravity accounting for vertical acceleration of the base flow on the106
free surface, while 𝜑0 results from expressing the base normal velocity at the perturbed107
free surface 𝐻0 + ℎ̂ as an expansion about the base free surface 𝐻0. Here and throughout,108
|𝐻0 means evaluated at the base free surface 𝑧 = 𝐻0. Our interest here is in surface waves109
in deep water, for which perturbations decay away from the free surface. For infinite depth,110
the bottom boundary condition becomes a requirement that the perturbations decay as111
𝑧 → −∞.112
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2.3. Surface-only model113

We seek equations expressed only in terms of quantities defined on the base free surface,
and hence quantities that depend only on the horizontal coordinates 𝒙⊥, and not depth 𝑧.
First, we let 𝒖̂ denote the perturbation velocity on free surface,

𝒖̂(𝒙⊥, 𝑡) = 𝒖′ (𝒙⊥, 𝐻0(𝒙⊥), 𝑡), (2.5)

The components of 𝒖̂ are denoted (𝑢̂, 𝑣̂, 𝑤̂) and we use 𝒖̂⊥ to represent the horizontal114
components (𝑢̂, 𝑣̂).115

We will make use of two identities for derivatives evaluate on the free surface. For any
function 𝑓 (𝒙⊥, 𝑧, 𝑡),(

∇⊥ 𝑓
) ��
𝐻0

= ∇⊥
(
𝑓 |𝐻0

)
− ∇⊥𝐻0

𝜕 𝑓

𝜕𝑧

����
𝐻0

, (2.6a)(
𝐷𝑡 𝑓

) ��
𝐻0

=
𝜕 ( 𝑓 |𝐻0)

𝜕𝑡
+𝑼0 |𝐻0 ·∇⊥( 𝑓 |𝐻0) +

(
𝑊0 |𝐻0 −𝑼0 |𝐻0 ·∇⊥𝐻0

) 𝜕 𝑓
𝜕𝑧

����
𝐻0

(2.6b)

= 𝐷̂𝑡

(
𝑓 |𝐻0

)
,

where we have introduced 𝐷̂𝑡 = 𝜕𝑡 +𝑼0 |𝐻0 · ∇⊥ as the convective derivative operator acting116
on the free surface. Note that the term

(
𝑊0 |𝐻0 −𝑼0 |𝐻0 · ∇⊥𝐻0

)
in (2.6b) is zero due to the117

kinematic boundary condition (2.2) for the base flow.118
Using identities (2.6), the linearized momentum equations (2.3a), the incompressibility

constraint (2.3b), and the kinematic boundary condition (2.3d) evaluated on the free surface
𝑧 = 𝐻0 become

𝐷̂𝑡 𝒖̂⊥ +
[
𝒖̂ · ∇𝑼0⊥

] ���
𝐻0

+ ∇⊥𝑝 − ∇⊥𝐻0
𝜕𝑝′

𝜕𝑧

����
𝐻0

= 0, (2.7a)

𝐷̂𝑡 𝑤̂ +
[
𝒖̂ · ∇𝑊0

] ���
𝐻0

+ 𝜕𝑝′

𝜕𝑧

����
𝐻0

= 0, (2.7b)

∇⊥ · 𝒖̂⊥ + 𝜕𝑤′

𝜕𝑧

����
𝐻0

− ∇⊥𝐻0 ·
𝜕𝒖′

⊥
𝜕𝑧

����
𝐻0

= 0, (2.7c)

𝑤̂ = 𝐷̂𝑡 ℎ̂ + (𝒖̂⊥ · ∇⊥)𝐻0 − 𝜑0 ℎ̂, (2.7d)

where we now explicitly separate the equations for the horizontal and vertical momenta on119
the free surface, equations (2.7a) and (2.7b).120

Equations (2.7) are not closed because they contain vertical derivatives at the free surface121
of full-depth perturbations 𝒖′ and 𝑝′. Following from our previous work (Zuccoli et al.122
2025), we propose, but do not formally derive, a closure condition to express the vertical123
velocity gradients that appear in the incompressibility constraint in terms of the time124
derivative of the vertical pressure gradient.125

Equation (2.7d) is the kinematic boundary conditions that the perturbations fields
𝒖′
⊥ , 𝑤

′, ℎ̂ must satisfy on the free surface. Using the dynamic boundary condition (2.3c) to
replace ℎ̂ by 𝑝′/𝑔0 on the free surface, the boundary condition can be written

𝛹 [𝒖′
⊥ , 𝑤

′, 𝑝′] (𝒙⊥, 𝐻0(𝒙⊥), 𝑡) = 0, (2.8)

where𝛹 is the boundary operator

𝛹 [𝒖′
⊥ , 𝑤

′, 𝑝′] = 𝑤′ −
(
𝒖′
⊥ · ∇⊥

)
𝐻0 − 𝐷̂𝑡

(
𝑝′

𝑔0

)
+ 𝜑0
𝑔0

𝑝′. (2.9)
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The ansatz we make to close the system is that, for surface gravity waves, the perturbation
fields also satisfy

𝜕𝑧𝛹 [𝒖′
⊥ , 𝑤

′, 𝑝′] (𝒙⊥, 𝑧, 𝑡)
��
𝑧=𝐻0

= 0, (2.10)
or equivalently

𝛹 [𝒖′
⊥ , 𝑤

′, 𝑝′] (𝒙⊥, 𝐻0(𝒙⊥) − 𝜖, 𝑡) = 𝑜(𝜖). (2.11)
In other words, at distance 𝜖 below the free surface, perturbation fields obey the same126
boundary relationship as on the free surface, to within an error that is smaller than 𝜖 as127
𝜖 → 0. We discuss this assumption below, but first proceed with the manipulations, noting128
that everything follows from the ansatz.129

From (2.10) we obtain a relationship between vertical gradients of velocity fields and
pressure on the free surface,

𝜕𝑤′

𝜕𝑧

����
𝐻0

− 𝜕𝒖′
⊥

𝜕𝑧

����
𝐻0

· ∇⊥𝐻0 = 𝐷̂𝑡

(
1
𝑔0

𝜕𝑝′

𝜕𝑧

����
𝐻0

)
− 𝜑0

𝑔0

𝜕𝑝′

𝜕𝑧

����
𝐻0

. (2.12)

This is our closure condition. On the left-hand side are the vertical derivatives appearing
in the continuity equation on the free surface, (2.7c). On the right-hand side are vertical
derivatives of pressure on the free surface, 𝜕𝑧 𝑝′ |𝐻0 , and more specifically, there is a time
derivative of 𝜕𝑧 𝑝′ |𝐻0 . As this unknown will become a dynamic variable to be solved for
in our system of equations, and exists only on the surface, we introduce the shorthand
notation 𝜕𝑧 𝑝

′ |𝐻0 = 𝑝𝑧 . The final system of equations is then obtained by substituting the
closure condition (2.12) into the continuity equation (2.7c), and again using the dynamic
boundary condition, this time to replace 𝑝′ |𝐻0 by 𝑔0 ℎ̂. This results in a closed system of
equations for the surface variables 𝒖̂⊥, 𝑤̂, ℎ̂, 𝑝𝑧 as functions of (𝒙⊥, 𝑡):

𝐷̂𝑡 𝒖̂⊥ + (𝒖̂⊥, 𝑤̂) ·
[
∇𝑼0⊥

] ��
𝐻0

+ ∇⊥(𝑔0 ℎ̂) − ∇⊥𝐻0𝑝𝑧 = 0, (2.13a)

𝐷̂𝑡 𝑤̂ + (𝒖̂⊥, 𝑤̂) ·
[
∇𝑊0

] ��
𝐻0

+ 𝑝𝑧 = 0, (2.13b)

𝐷̂𝑡 (𝑝𝑧/𝑔0) −
𝜑0
𝑔0

𝑝𝑧 + ∇⊥ · 𝒖̂⊥ = 0, (2.13c)

𝐷̂𝑡 ℎ̂ + 𝒖̂⊥ · ∇⊥𝐻0 − 𝜑0 ℎ̂ − 𝑤̂ = 0. (2.13d)

We will use the term surface-only when referring to equations (2.13) and their solution.130
In contrast, we will use the term full-depth when referring to the full linearized Euler131
equations (2.3) and their solutions.132

2.4. Discussion of the surface closure133

Expressing the linearized Euler equations on the base free surface in terms of free-surface134
quantities gives equations (2.7). Vertical derivatives necessarily appear in these equations.135
The vertical pressure gradient 𝜕𝑧 𝑝′ |𝐻0 appears in the horizontal momentum equation as a136
result of the non-flat free surface, and in the vertical momentum equation through the usual137
force balance. Similarly, the surface continuity equation contains vertical derivatives, both138
as a consequence of its standard form and as a result of the non-flat free surface. While139
none of these vertical derivatives is known from the surface values of pressure or velocity,140
the closure condition (2.12) relates the derivatives. In particular, the closure condition141
relates the unknown vertical derivatives in the continuity equation to a time derivative of142
the free-surface pressure gradient 𝜕𝑧 𝑝′ |𝐻0 . This leads to two simultaneous features of the143
surface-only model (2.13): the gradient 𝜕𝑧 𝑝′ |𝐻0 = 𝑝𝑧 becomes an independent dynamical144
variable to be solved for, and the continuity equation (2.13c) becomes a time-evolution145
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equation governing its dynamics. The resulting surface-only model equations are first-order146
in time with dependent variables 𝒖̂⊥, 𝑤̂, ℎ̂, and also 𝑝𝑧 .147

The closure condition is central to the surface-only model and it merits further discussion.148
For the simplest possible case of linear perturbations about a motionless, infinitely deep149
base flow, the kinematic and dynamic boundary conditions combine to give 𝑤′ = 𝜕𝑡 𝑝

′/𝑔 on150
the free surface. Using a velocity potential, it is straightforward to show (see appendix A)151
that this relationship holds not only on the free surface, but throughout the fluid. Thus,152
rather trivially, one may differentiate to obtain 𝜕𝑧𝑤

′ = 𝜕𝑡 (𝜕𝑧 𝑝′/𝑔), which is the closure153
condition (2.12) evaluated in this simplest case.154

For the general case of surface gravity waves propagating over vortical base flows, we155
have been unsuccessful in deriving the closure condition under suitable assumptions other156
than the ansatz (2.11). We therefore do not claim that the closure condition is exactly valid157
in general, or even that it holds in some asymptotic sense, other than vanishing vorticity and158
a flat free surface. The difficulty in deriving such a closure reflects a fundamental difference159
between potential and vortical flows. In potential flow, the structure of the equations allows160
the behaviour of the velocity field in the fluid to be determined from data on the free surface161
through the Dirichlet-to-Neumann map. For a general vortical flow, however, the interior162
vorticity represents additional bulk degrees of freedom that cannot in general be recovered163
from free-surface data alone. Consequently, there is no analogous closure based solely on164
the values of the fields at the free surface without additional assumptions about the interior165
flow. Indeed, the closure condition (2.12) is only valid for surface waves and does not hold166
for interior perturbations that span the whole fluid depth; it cannot therefore be derived167
directly from the governing equations without a suitable surface-waves-only approximation168
being made. Ansatz (2.11) and the resulting closure condition (2.12) should therefore be169
understood as a hypotheses specifically about linear surface gravity-wave solutions in the170
immediate vicinity of the free surface, rather than as a general property of vortical flows171
or of solutions of the linearized Euler equations.172

The authors (Zuccoli et al. 2025) previously considered the closure condition in the173
cylindrical axisymmetric case with no axial flow and showed computationally that the174
closure condition is well satisfied in deep water for waves on axisymmetric vortices. In175
the examples considered, the base flows and perturbation fields were both vortical, and the176
base free surfaces were highly deformed by centrifugal acceleration. In the present work,177
we extend the closure condition and surface-only model to more general cases. We thus178
seek to investigate a broader class of examples and to determine under what conditions the179
closure is approximately satisfied and the surface-only equations produce quantitatively180
useful solutions.181

3. Scenario 1 — waves on a flat shear flow182

We validate the surface-only model (2.13) by comparing eigenvalues and eigenmodes183
from the model with those obtain from the full-depth equations (2.3). In this section, we184
consider a relatively simple test case in which the base velocity field is unidirectional and185
the base free surface is flat. Specifically we consider 𝑼0(𝒙⊥, 𝑧) = 𝑈0(𝑦, 𝑧)𝒆𝒙, where 𝒆𝒙186
is the unit vector in the 𝑥-direction. Irrespective of the form of 𝑈0(𝑦, 𝑧), the base free187
surface is flat, so we set 𝐻0(𝒙⊥) = 0, and the base pressure field is hydrostatic and given by188
𝑃0(𝒙⊥, 𝑧) = −𝑔𝑧 + 𝑃̄. We examine this relatively simple case because our previous work189
(Zuccoli et al. 2025) did not cover depth-dependent base flows for which there can be a190
vertical shear at the free surface.191
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The first base velocity profile we consider is

𝑈0(𝑦, 𝑧) = U
(
1 + 𝑧

𝐻∞

)
exp

{(
1
𝜆
− 1
𝐻∞

)
𝑧

}
sin

( 𝑦
𝜆

)
, − 𝐻∞ ≤ 𝑧 ≤ 0, 0 ≤ 𝑦 ≤ 2𝜋𝜆.

(3.1)

where the bottom boundary must satisfy 𝐻∞ ≥ 𝜆. The maximum free-surface velocity is192
U. The parameter 𝜆 is a length scale that controls the magnitude of the shear at the free193
surface. The maximum magnitudes of the vertical shear, 𝜕𝑧𝑈0, and spanwise shear, 𝜕𝑦𝑈0,194
on the free surface are both U/𝜆. For simplicity, we choose to use the same length scale195
in both directions as rather than introduce a separate length scale for the 𝑦 direction. This196
is sufficient for our purposes here, and the example could readily be generalized to allow197
for different length scales in the two directions.198

We non-dimensionalize velocities by U, lengths by 𝜆, and times by
√︁
𝜆/𝑔, so that

𝑈0 = U𝑈0, (𝑥, 𝑦, 𝑧) = (𝜆𝑥, 𝜆𝑦̃, 𝜆𝑧), and 𝑡 =
√︁
𝜆/𝑔𝑡, with tildes denoting non-dimensional

variables. We then drop the tildes for clarity so that the non-dimensional velocity profile
becomes

𝑈0(𝑦, 𝑧) =
(
1 + 𝑧

ℎ∞

)
e(1−1/ℎ∞ )𝑧︸                    ︷︷                    ︸

𝑓0 (𝑧)

sin(𝑦)︸︷︷︸
𝑞0 (𝑦)

, − ℎ∞ ≤ 𝑧 ≤ 0, 0 ≤ 𝑦 ≤ 2𝜋, (3.2)

where ℎ∞ = 𝐻∞/𝜆 in the nondimensional depth and where 𝑓0(𝑧) and 𝑞0(𝑦) are functions199
of 𝑧 and 𝑦 defined as indicated. Because we have used an advective velocity scale but200
a gravitational time scale, the non-dimensionalization of either the full-depth governing201
equations (2.3) or the surface-only governing equations (2.13) results in the Froude number202
Fr = U/

√
𝑔𝜆 appearing in the usual way as a factor in front of advective terms. In the203

following, we refer to equations (2.3) and (2.13), but implicitly understand these to mean the204
non-dimensional forms of these equations. For this flow profile and nondimensionalization,205
since 𝑊0 = 𝐻0 = 0, we have from (2.4) that 𝑔0 = 1 and 𝜑0 = 0.206

3.1. Equations and numerical methods207

3.1.1. Full-depth equations208

The full-depth equations (2.3) can be entirely expressed in terms of the pressure. This is
achieved by taking the divergence of the momentum equation (2.3a), using the continuity
equation (2.3b), applying the convective derivative 𝐷𝑡 to the equation thus obtained, and
finally exploiting the momentum equations for the 𝑦 and 𝑧 components, respectively. This
yields(

𝜕

𝜕𝑡
+ Fr 𝑓0(𝑧)𝑞0(𝑦)

𝜕

𝜕𝑥

)
∇2𝑝′ − 2Fr 𝑓0(𝑧)𝑞′0(𝑦)

𝜕2𝑝′

𝜕𝑥𝜕𝑦
− 2Fr 𝑓 ′0 (𝑧)𝑞0(𝑦)

𝜕2𝑝′

𝜕𝑥𝜕𝑧
= 0, (3.3a)

𝜕𝑝′

𝜕𝑧
+

(
𝜕

𝜕𝑡
+ Fr𝑞0(𝑦)

𝜕

𝜕𝑥

)2
𝑝′ = 0, on 𝑧 = 0, (3.3b)

𝜕𝑝′

𝜕𝑧
= 0, on 𝑧 = −ℎ∞, (3.3c)

where here 𝑓 ′0 and 𝑞′0 denote differentiation with respect to a single variable (either 𝑦 or 𝑧)209

and ∇2 = 𝜕2
𝑥 + 𝜕2

𝑦 + 𝜕2
𝑧 is the three-dimensional Laplacian.210
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Seeking normal modes solutions of the form 𝑝′ = Re
(
𝑝(𝑦, 𝑧)e−i𝜔𝑡+i𝑘𝑥 ) , with 𝑘 given,

equations (3.3) become(
𝑘Fr 𝑓0(𝑧)𝑞0(𝑦) − 𝜔

) (𝜕2𝑝

𝜕𝑦2 + 𝜕2𝑝

𝜕𝑧2 − 𝑘2𝑝
)

−2𝑘Fr 𝑓0(𝑧)𝑞′0(𝑦)
𝜕𝑝

𝜕𝑦
− 2𝑘Fr 𝑓 ′0 (𝑧)𝑞0(𝑦)

𝜕𝑝

𝜕𝑧
= 0, (3.4a)

𝜕𝑝

𝜕𝑧
− 𝜔2𝑝 + 2𝜔𝑘Fr𝑞0(𝑦)𝑝 − 𝑘2Fr2𝑞2

0(𝑦)𝑝 = 0, on 𝑧 = 0, (3.4b)

𝜕𝑝

𝜕𝑧
= 0, on 𝑧 = −ℎ∞, (3.4c)

subject to periodic boundary conditions in 𝑦. System (3.4) gives rise to an eigenvalue211
problem in the eigenvalues 𝜔 and eigenfunctions 𝑝(𝑦, 𝑧). From 𝑝(𝑦, 𝑧) the perturbation ℎ̂212
can be obtained via the dynamic boundary condition ℎ̂(𝑥, 𝑦, 𝑡) = Re

(
𝑝(𝑦, 0)e−i𝜔𝑡+i𝑘𝑥 ) .213

3.1.2. Surface-only model214

We turn now to the surface-only model equations (2.13). Taking the horizontal divergence
∇⊥· (2.13a) of the horizontal momentum equations gives

𝐷̂𝑡

(
∇⊥ · 𝒖̂⊥

)
+ ∇2

⊥ ℎ̂ + 2Fr 𝑓0(0)𝑞′0(𝑦)
𝜕𝑣̂

𝜕𝑥
+ Fr 𝑓 ′0 (0)𝑞0(𝑦)

𝜕𝑤̂

𝜕𝑥
= 0. (3.5)

We now substitute ∇⊥ · 𝒖̂⊥ = −𝐷̂𝑡 𝑝𝑧 from (2.13c), 𝑝𝑧 = −𝐷̂𝑡 𝑤̂ from (2.13b), and 𝑤̂ = 𝐷̂𝑡 ℎ̂

from (2.13d), to arrive at

𝐷̂4
𝑡 ℎ̂ + ∇2

⊥ ℎ̂ + 2Fr 𝑓0(0)𝑞′0(𝑦)
𝜕𝑣̂

𝜕𝑥
+ Fr 𝑓 ′0 (0)𝑞0(𝑦)

𝜕

𝜕𝑥
𝐷̂𝑡 ℎ̂ = 0. (3.6)

Finally, applying 𝐷̂𝑡 to (3.6) and substituting 𝐷̂𝑡 𝑣̂ = −𝜕𝑦 ℎ̂ from the 𝑦-component of (2.13a)
yields the following PDE in the free surface height ℎ̂(𝑥, 𝑦, 𝑡):

𝐷̂5
𝑡 ℎ̂ + 𝐷̂𝑡∇2

⊥ ℎ̂ − 2Fr 𝑓0(0)𝑞′0(𝑦)
𝜕2 ℎ̂

𝜕𝑥𝜕𝑦
+ Fr 𝑓 ′0 (0)𝑞0(𝑦)

𝜕

𝜕𝑥
𝐷̂2

𝑡 ℎ̂ = 0. (3.7)

For the base flow under consideration, 𝑓0(0) = 1, and the convective derivative acting
on the free surface is therefore 𝐷̂𝑡 = 𝜕𝑡 + Fr 𝑞0(𝑦)𝜕𝑥 . Seeking normal modes of the form
ℎ̂(𝑥, 𝑦, 𝑡) = Re

(
ℎ(𝑦)e−i𝜔𝑡+i𝑘𝑥 ) , equation (3.7) yields the eigenvalue problem(

𝑘Fr 𝑞0(𝑦) − 𝜔

)5
ℎ +

(
𝑘Fr 𝑞0(𝑦) − 𝜔

) (
ℎ′′ − 𝑘2ℎ

)
− 2𝑘Fr 𝑞′0(𝑦)ℎ

′ − 𝑘Fr 𝑓 ′0 (0)𝑞0(𝑦)
(
𝑘Fr𝑞0(𝑦) − 𝜔

)2
ℎ = 0, (3.8)

subject to periodic boundary conditions in 𝑦. The term containing 𝑓 ′0 is of particular interest215
because it accounts for the effect of the base vertical shear on the eigenvalue problem.216

3.1.3. Numerical method217

We solve equations (3.4) and (3.8) numerically by means of a spectral collocation method
(Trefethen 2000), using Fourier modes along the spanwise direction 𝑦, and for (3.4),
Chebyshev modes along the vertical direction 𝑧. This involves, for the numerical solution of
the exact stability problem only, re-mapping the vertical domain from (−ℎ∞, 0) → (−1, 1)
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when the depth is finite, and re-mapping (−∞, 0) → (−1, 1) when the depth is infinite.
For the latter, we employ the following map (Boyd 2001)

𝑧 = 𝐵map tan
[𝜋

4
(𝑧𝑐 − 1)

]
, with 𝑧 ∈ (−∞, 0], and 𝑧𝑐 ∈ [−1, 1], (3.9)

where 𝐵map is a tuning parameter which sets the clustering of points close to the free218
surface 𝑧 = 0. We use spatial discretizations (𝑁𝑦 , 𝑁𝑧) = (52, 100) along the spanwise219
and vertical directions respectively, and use 𝐵map = 4. Further details on the numerical220
discretization and convergence of the eigensolutions for this first validation problem are221
contained in appendix B. It is worth noting how much faster the computations using the222
surface-only model equations are compared to the full-depth counterpart. For this example,223

we find mean execution times of𝑇 (𝐹𝐷)
mean = 6×103 s for the full-depth Euler equations, while224

𝑇
(𝑆𝑂)

mean = 8×10−2 s for the surface-model equations, showing that the model is many orders225
of magnitude faster than the full-depth equations.226

Finally, an important aspect of the surface-only model is that its spectrum comprises
in general both “physical” and “unphysical” eigenvalues. This feature arises because the
surface-only model equations intrinsically cannot distinguish whether the fluid extends
infinitely below or infinitely above the base free surface. Since our goal is to compute
modes which decay as 𝑧 → −∞, in order to remove the unphysical eigenvalues we define
a proxy 𝛽 for the average vertical decay rate. If 𝛽 is sufficiently positive, then that mode is
retained; if not, it is discarded. For this scenario, we use the criteria

𝛽 =
1

2𝜋

∫ 2𝜋

0
Re

(𝜕𝑧 𝑝′ |𝐻0

𝑝′ |𝐻0

)
d𝑦 = 𝜔2 + 𝑘2Fr2/2 > 𝛿𝛽 , (3.10)

where 𝛿𝛽 = 0.01 is the threshold chosen for the results that follow. Further details are227
contained in appendix C.228

3.2. Results229

We now compare eigenvalues and eigenmodes from the surface-only model (3.8) to those230
from the full-depth equations (3.4). We also assess directly whether the closure condition231
(2.12) is satisfied by the full-depth solutions. Throughout this section we fix the streamwise232
wavenumber at 𝑘 = 1, corresponding to eigenmodes whose streamwise wavelength is233
comparable to the length scales of the base flow.234

In figure 1 we show the first five positive eigenvalues as a function of ℎ∞ from the235
full-depth (full lines) and surface-only (points) equations. The Froude number is Fr = 0.5.236
All eigenvalues are real. We plot only the positive half of the spectrum, since the spectrum237
is symmetric about zero (discussed further below). It can be seen that the surface-only238
eigenvalues not only accurately match those from the exact numerical calculations in the239
deep-water limit (ℎ∞ → ∞), but also for ℎ∞ of order unity. Significant deviations between240
the surface-only and full-depth cases begin at ℎ∞ between 1 and 2. As the fluid depth241
becomes shallow, ℎ∞ < 1, the deviations become large.242

To gain further insight into the effect of fluid depth, we plot in figure 2 (left panels)243
pressure contours of the first eigenfunction from the full-depth computations at four values244
of dimensionless fluid depth ℎ∞ ∈ {0.5, 1, 2,∞}. The eigenmodes at ℎ∞ = 1 and ℎ∞ = 0.5245
are clearly influenced by the bottom boundary, and unsurprisingly, these cases are not in246
the deep-water regime and the model is not expected to hold.247

Additionally, we assess directly whether the closure condition (2.12) holds for the exact
full-depth eigenmodes. For the case under consideration, the dimensionless form of the
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Figure 1. Trend of the first five positive eigenvalues as a function of dimensionless depth ℎ∞ for Fr = 0.5. The
base flow velocity profile is given by equation (3.2). Eigenvalues from full-depth equations, viewed as exact,
are shown in full lines. Eigenvalues from the surface-only model are shown as points.

closure equation reduces to

𝜕𝑤′

𝜕𝑧

����
𝐻0

= 𝐷̂𝑡

(
𝜕𝑝′

𝜕𝑧

����
𝐻0

)
, (3.11)

where now 𝐷̂𝑡 = −i𝜔 + i𝑘𝑞0(𝑦) from the normal modes representation. The left-hand and248
right-hand sides of this equation are plotted in figure 2 (right panels). At ℎ∞ = ∞ and249
ℎ∞ = 2 there is close agreement between the curves, implying that the model is accurately250
closed in these cases. The agreement is not perfect, however, even at ℎ∞ = ∞. For ℎ∞ = 1251
and ℎ∞ = 0.5 the closure condition is clearly failing and hence one could not expect the252
model to produce reliable results.253

We continue by comparing the surface-only eigenmodes to the eigenmodes from the254
full-depth equations. Figure 3 plots the first five eigenmodes in terms of the free-surface255
elevation ℎ for Fr ∈ {0.25, 0.5, 1}, with ℎ∞ = ∞. All eigenmodes are normalized to have an256
𝐿2 norm of 1, the normalization convention used throughout this work. While differences257
are visible between the two sets of modes, overall the surface-only eigenmodes capture258
very well the corresponding eigenmodes from the full-depth equations. It is evident that259
the eigenmodes are not symmetric under reflection about 𝑦 = 𝜋 or, equivalently, taking into260
account the periodic domain, about 𝑦 = 0. It is straightforward to show from the symmetry261
of the base flow that if ℎ(𝑦) is an eigenmode with real frequency 𝜔, then ℎ(−𝑦) is also262
an eigenmode with frequency −𝜔. Hence, the negative half of the spectrum, not shown263
in figure 1, corresponds to the reflected versions of the modes shown in figure 3. Since264
the eigenvalues are real, the time-dependent modes can be interpreted as travelling waves265
in the streamwise direction of the form ℎ(𝑦) cos(𝑘𝑥 − 𝜔𝑡). The modes shown in figure 3266
corresponds to waves travelling in the +𝒆𝒙 direction, since 𝑘 = 1, 𝜔 > 0.267

Finally, we address the quantitative accuracy of the surface-only eigenvalues compared268

with those from the full-depth equations. Let 𝜔 (𝐹𝐷)
𝑖

and 𝜔
(𝑆𝑂)
𝑖

denote, respectively, the269
full-depth and surface-only eigenvalues. In figure 4 we plot the relative error between270

the two |𝜔 (𝐹𝐷)
𝑖

− 𝜔
(𝑆𝑂)
𝑖

|/|𝜔 (𝐹𝐷)
𝑖

| for the first ten eigenvalues computed at five values of271
Froude number Fr ∈ {0, 0.01, 0.25, 0.5, 1}. The error is below 2% over the entire range of272
modes considered, confirming the accuracy and robustness of the surface-only model in273
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Figure 2. Accuracy of the closure condition (3.11) for the first surface-wave modes with Froude number Fr = 0.5
at four values of dimensionless fluid depth ℎ∞. Left panels illustrate a snapshot of the modes at time 𝑡 = 0 with
contours of the pressure field Re

(
𝑝(𝑦, 𝑧)

)
. The modulus of both left-hand side (LHS) and right-hand side (RHS)

of the closure condition (3.11) are evaluated and plotted in the right panels, with the eigenfunction normalized
so that the maximum value of the left-hand side is 1.

these cases. For Fr = 0, the agreement is at the level of numerical precision because the274
base flow is motionless, and hence both the full stability equations and the surface-only275
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Figure 3. Comparison of the surface-only and full-depth eigenfunctions for Froude numbers Fr ∈ {0.25, 0.5, 1},
with ℎ∞ = ∞. The free-surface elevation ℎ(𝑦) is plotted for the first five modes, corresponding to the five
eigenvalues seen in figure 1. The panels are ordered by frequency with the top panel the first (lowest-frequency)
mode. Full-depth modes are shown in full black lines and surface-only modes dashed red lines.

model admit the same solutions, with exact eigenvalues given by 𝜔𝑛 =
(
𝑛2 + 𝑘2)1/4, 𝑛 ∈ Z276

(see appendix D for further details).277

3.3. Velocity profile with depth-dependent surface shear278

For the base velocity profile studied thus far, the surface-velocity gradients 𝜕𝑧𝑈0 and 𝜕𝑦𝑈0
are independent of the fluid depth. This is why the surface-only eigenvalues in figure 1 do
not vary with depth ℎ∞; the surface-only model is influenced by the shear of the base flow
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Froude numbers.
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Figure 5. Trend of the first five positive eigenvalues as function of dimensionless depth ℎ∞ for Fr = 0.5. The
base flow velocity profile is given by equation (3.12). Eigenvalues from the full-depth equations, viewed as
exact, are shown in full lines. Eigenvalues from the surface-only model are shown as points.

at the free surface, and not fluid depth directly. However, it is also natural for the vertical
shear of a fluid flow to increase as the fluid depth decreases, and so we now briefly consider
such a case using a variant of the base velocity profile studied thus far. Rather than using
𝑓0(𝑧) appearing (3.2), we set

𝑓0(𝑧) =
sinh(1 + 𝑧/ℎ∞)

sinh(1) . (3.12)

The base flow is otherwise unchanged from the previous test case. For the surface-only279
eigenvalue problem (3.8), the only change is in 𝑓 ′0 at the free surface. Previously this280
was 𝑓 ′0 (0) = 1, while now it is 𝑓 ′0 (0) = coth(1)/ℎ∞, so that the fluid depth enters the281
surface-only equations.282

0 X0-14



Journal of Fluid Mechanics

In figure 5 we show the first five positive eigenvalues as function of ℎ∞ from the full-depth283
equations (full lines) and the surface-only model (points). The Froude number is Fr = 0.5.284
Comparing figure 5 with figure 1, we see that in both cases there is good agreement between285
the surface-only model and full-depth eigenvalues down to fluid depths ℎ∞ of order unity.286
However, unlike in figure 1, in figure 5 we see that eigenvalues begin to depend depth when287
ℎ∞ is of order 10. This is due to the variation of the base shear with depth. The surface-only288
model clearly picks up the initial deviations of the eigenvalues from the infinite-depth limit289
as ℎ∞ decreases. Once the fluid depth becomes shallow, ℎ∞ < 1, the surface-only model290
fails and the deviations become large. While not shown, a direct validation of the closure291
condition for this profile leads to results very similar to what is shown in figure 2. Likewise,292
a comparison of eigenfunctions strongly resembles what is seen in figure 3.293

4. Scenario 2 — waves on a Gerstner wave294

Gerstner waves (Gerstner 1809; Rankine 1863), also known as trochoidal waves, are295
exact solutions to the Euler equations with both depth-dependent velocity and free-surface296
deformation, and as such these waves provide an interesting and important class of base297
flows to test our surface-only model. Gerstner-waves are typically specified in Lagrangian298
coordinates, and are valid in the infinitely deep-water regime. When considered in a299
reference frame moving with the wave speed, these provide exact steady base flows300
with nonzero vorticity distributions. In the following, we compute linear surface wave301
perturbations propagating on Gerstner wave base flows using our surface-only model302
and compare them with corresponding surface waves from full-depth linearized Euler303
calculations.304

4.1. The base flow305

Let (𝑥, 𝑧) be Eulerian spatial coordinates in a frame moving with the wave, let (X,Z)
be Lagrangian coordinate in a fixed reference frame, and let (𝑎, 𝑏) be the Lagrangian
coordinates in the reference frame moving with the wave, i.e. 𝑎 = X + 𝑐𝑡, 𝑏 = Z, with
𝑐 =

√︁
𝑔/𝑘 denoting the phase speed of the wave in deep-water, and 2𝜋/𝑘 its wavelength.

We define the Euler–Lagrange map between the two coordinate systems,

𝑥 = 𝑎 + 1
𝑘
𝑒𝑘𝑏 sin(𝑘𝑎), 𝑧 = 𝑏 − 1

𝑘
𝑒𝑘𝑏 cos(𝑘𝑎), (4.1a,b)

for 𝑏 ∈ (−∞, 𝑏0], where 𝑏 = 𝑏0 ≤ 0 dictates the location of the steady free surface. The
corresponding velocity components in the steady Lagrangian reference frame are given by

𝑈0 = 𝑐 + 𝑐𝑒𝑘𝑏 cos(𝑘𝑎), 𝑊0 = 𝑐𝑒𝑘𝑏 sin(𝑘𝑎). (4.2a,b)

The base free surface 𝑧 = 𝐻0(𝑥) is determined implicitly by fixing 𝑏 = 𝑏0 and varying 𝑎306
in the Euler-Lagrange map (4.1).307

We non-dimensionalize lengths by 1/𝑘 , so that 𝑎 = 𝑎̃/𝑘 , 𝑥 = 𝑥/𝑘 , etc. (with tildes
denoting nondimensional variables), and times by 1/

√︁
𝑔𝑘 , so that 𝑐 = 1. We now drop the

tildes for clarity. Additionally, we shift the coordinate 𝑧 vertically upward by −𝑏0, so that
the mean level of the free surface 𝐻0(𝑥) is approximately at 𝑧 = 0 for any value of 𝑏0. The
dimensionless base flow is then given by

𝑥 = 𝑎 + 𝑒𝑏 sin(𝑎), 𝑈0 = 1 + 𝑒𝑏 cos(𝑎) (4.3a,b)
𝑧 = 𝑏 − 𝑏0 − 𝑒𝑏 cos(𝑎), 𝑊0 = 𝑒𝑏 sin(𝑎), (4.3c,d)
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Figure 6. Base free surfaces 𝐻0 (𝑥) for representative values of 𝑏0.

where 𝑎 ∈ [0, 2𝜋] and 𝑏 ∈ [−∞, 𝑏0]. The base flows are thus parameterized by the308
single parameter 𝑏0 < 0. In the limit 𝑏0 → −∞ the base velocity field becomes uniform309
in the horizontal direction and the free surface flat. For increasing values of 𝑏0 the free310
surface deformation becomes more significant, with the limiting case of 𝑏0 = 0 giving a311
cusp-shaped free surface. Examples of the free surface shapes are plotted in figure 6.312

4.2. Perturbations dynamics313

The Gerstner base flows are two-dimensional, and we will only considered perturbations
that are also two dimensional, with velocity field given by 𝒖′ = (𝑢′, 𝑤′). Note that Gerstner
waves are known to be unstable to three-dimensional perturbations for 𝑏0 > − ln 3 (Leblanc
2004), although this short-wavelength instability requires three dimensions and so is absent
in the two-dimensional case considered here. (This can be seen by choosing a mode wave
vector in the 𝑥-𝑧 plane in equation (3.3) in Leblanc 2004.) Also unlike Leblanc (2004), we
do not require a short-wavelength perturbation, and instead take the perturbations to be
characterized by the same spatial scale 1/𝑘 and time scale 1/

√︁
𝑔𝑘 as for the base flow. The

exact two-dimensional perturbations equations (2.3) in dimensionless form then read

𝜕𝑢′

𝜕𝑡
+𝑼0 · ∇𝑢

′ + 𝒖′ · ∇𝑈0 +
𝜕𝑝′

𝜕𝑥
= 0, (4.4a)

𝜕𝑤′

𝜕𝑡
+𝑼0 · ∇𝑤

′ + 𝒖′ · ∇𝑊0 +
𝜕𝑝′

𝜕𝑧
= 0, (4.4b)

𝜕𝑢′

𝜕𝑥
+ 𝜕𝑤′

𝜕𝑧
= 0, (4.4c)

𝜕𝑝′

𝜕𝑡
= 𝑔0

(
𝑤′ − d𝐻0

d𝑥
𝑢′

)
−𝑈0

[𝜕𝑝′
𝜕𝑥

+ d𝐻0
d𝑥

𝜕𝑝′

𝜕𝑧
− 1
𝑔0

d𝑔0
d𝑥

𝑝′
]
+ 𝜑0𝑝

′ on 𝑧 = 𝐻0. (4.4d)

where we have substituted the dynamic boundary condition (2.3c) into the kinematic
boundary(2.3d), to obtain a single boundary condition in 𝑝. The quantities 𝑔0(𝑥) and

0 X0-16



Journal of Fluid Mechanics

𝜑0(𝑥) are given by

𝑔0=

[
1 +𝑈0

𝜕𝑊0
𝜕𝑥

+𝑊0
𝜕𝑊0
𝜕𝑧

] ����
𝑧=𝐻0

, and 𝜑0=

[
𝜕𝑊0
𝜕𝑧

− d𝐻0
d𝑥

𝜕𝑈0
𝜕𝑧

] ����
𝑧=𝐻0

. (4.5a,b)

Additionally, periodic boundary conditions are imposed in the 𝑥−direction, identifying314
𝑥 = 2𝜋 with 𝑥 = 0. While one could consider the perturbation problem over multiple315
wavelengths of the base flow, for example by using Floquet theory, for simplicity we do316
not pursue that further here.317

4.2.1. Numerical considerations318

As the upper boundary of the domain is given by 𝐻0(𝑥), which is not constant, it is
numerically convenient to introduce the shifted vertical coordinate 𝜉 = 𝑧 − 𝐻0(𝑥) ∈
(−∞, 0]. The derivatives transform into 𝜕𝑥 → 𝜕𝑥 − (d𝐻0/d𝑥)𝜕𝜉 and 𝜕𝑧 → 𝜕𝜉 , so that
equations (4.4) are re-written accordingly in terms of (𝑥, 𝜉, 𝑡). In order to discretize the
equations along the vertical direction despite the infinite depth, we use the same map (3.9)
as for the previous scenario. Finally, we decompose the unknowns into normal modes
of the form [𝑢′, 𝑤′, 𝑝′] = Re

(
[𝑢(𝑥, 𝜉), 𝑤(𝑥, 𝜉), 𝑝(𝑥, 𝜉)]𝑒−i𝜔𝑡

)
= Re

(
𝒘(𝑥, 𝜉)𝑒−i𝜔𝑡

)
. Note

that, since [𝑢′, 𝑤′, 𝑝′] are real, if (𝒘, 𝜔) is a solution then so too is (𝒘∗,−𝜔∗), where ∗

denotes the complex conjugate. This yields the following generalized eigenvalue problem
in the eigenvalues 𝜔

A(𝜕𝑥 , 𝜕𝜉 ; 𝑏0)𝒘 = 𝜔B(𝑏0)𝒘. (4.6)
Problem (4.6) is solved numerically in primitive variables using a collocation spectral319
method, similar to the one employed in section 3 and described in appendix B.320

4.2.2. The surface-only model321

The surface-only model equations for this case reduce to

𝐷̂𝑡 𝑢̂ + 𝑢̂ 𝜕𝑥𝑈0 |𝐻0 + 𝑤̂ 𝜕𝑧𝑈0 |𝐻0 + 𝜕𝑥 (𝑔0 ℎ̂) − 𝐻′
0𝑝𝑧 = 0, (4.7a)

𝐷̂𝑡 𝑤̂ + 𝑢̂ 𝜕𝑥𝑊0 |𝐻0 + 𝑤̂ 𝜕𝑧𝑊0 |𝐻0 + 𝑝𝑧 = 0, (4.7b)

𝐷̂𝑡 (𝑝𝑧/𝑔0) −
𝜑0
𝑔0

𝑝𝑧 + 𝜕𝑥 𝑢̂ = 0, (4.7c)

𝐷̂𝑡 ℎ̂ + 𝑢̂𝐻′
0 − 𝜑0 ℎ̂ − 𝑤̂ = 0, (4.7d)

where 𝐷̂𝑡 =
(
𝜕𝑡 +𝑈0 |𝐻0𝜕𝑥

)
. This is a system of four PDEs in the four primitive variables322

(𝑢̂, 𝑤̂, ℎ̂, 𝑝𝑧). Seeking normal modes of the form e−i𝜔𝑡 results in an eigenvalue problem.323
The spatial domain of this eigenvalue problem is simply the periodic interval 𝑥 ∈ [0, 2𝜋],324
and so is easily solved numerically. As for the numerical implementation of the first scenario325
in section 3.1, the surface-model equations (4.7) give rise to some unphysical eigenvalues326
which need to be discarded accordingly. Details can be found in appendix C.327

4.3. Results328

We compare eigensolutions obtained from the full-depth linearized Euler equations (4.4)329
with those coming from the surface-only model equations (4.7) for various free-surface330
deformations of the base solution, corresponding to different values of 𝑏0. We begin with331
a comparison of eigenvalues shown in figure 7(a). All eigenvalues shown in the figure are332
real, corresponding to neutrally-stable propagating modes. There are also unstable modes333
discussed in §4.4. We index the eigenvalues such that · · · < 𝜔−1 < 𝜔0 = 0 < 𝜔1 < · · · .334
For 𝑏0 = −5, the peak-to-peak variation in the free-surface elevation of the base flow is335
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Figure 7. (a) Comparison of the eigenvalues from the full-depth linearized Euler stability problem (solid lines)
and the surface-only model equations (markers) up to 𝑏0 = −0.3. (b) Close-up of the eigenvalue branches for
the surface-model equations for values of 𝑏0 up to −0.1, where the peak of the base free surface is close to
forming a cusp.

𝑂 (10−2), which is already close to the flat case corresponding to the limit 𝑏0 → −∞.336
Accordingly, each eigenvalue 𝜔 𝑗 tends to a closed-form solution valid in this limit, 𝜔 𝑗 =337

𝑛 ±
√︁
|𝑛| for some 𝑛 ∈ Z \ {0} (see appendix D.2). As 𝑏0 is increased, corresponding338

to larger base-flow free-surface amplitudes, the surface-only eigenvalues follow closely339
the full-depth eigenvalues up to 𝑏0 ≃ −1. Beyond this point, the discrepancy between340
the two eigenvalue branches becomes more noticeable, although the surface-only model341
still qualitatively captures the behaviour of the full-depth linearized Euler eigenvalues. In342
particular, it is worth noting that the first non-zero eigenvalues, 𝜔±1, collapse to zero at a343
finite value 𝑏0 = −0.43 for the full-depth linearized Euler system and 𝑏0 = −0.35 for the344
surface-only model. The eigenvalues then split into pairs of complex-conjugate eigenvalues345
with zero real part, resulting in an instability of the system described further in §4.4.346

To further validate the accuracy of our surface-only model, we plot in figure 8 the347
perturbation height ℎ(𝑥) of the eigenmodes corresponding to the eigenvalues 𝜔0, . . . , 𝜔5.348
The phase and amplitude of each eigenmode have been chosen to make the real and349
imaginary parts of the eigenfunction as independent as possible, and to give each eigenmode350
an 𝐿2 norm of 1. As with the eigenvalues, the agreement between the two sets of eigenmodes351
is remarkably good. Even for the substantially deformed free surface at 𝑏0 = −0.5,352
where visible differences appear between the two sets of eigenfunctions, the surface-only353
eigenfunctions still capture the features of the full-depth eigenfunctions very well.354

The eigenmode corresponding to 𝜔0 = 0 is a Goldstone mode (Goldstone 1961), arising355
from the broken translational symmetry of the base flow. While the governing equations356
are translationally invariant, the steady base flow breaks this continuous symmetry. An357
infinitesimal translation of the base flow generates another physically equivalent steady358
base state, and hence the corresponding infinitesimal perturbation is neutrally stable. In our359
case, the Goldstone mode has eigenvalue𝜔0 = 0, with eigenmode given by (𝑢′, 𝑤′, 𝑝′, ℎ̂) =360
𝜕𝑥 (𝑈0,𝑊0, 𝑃0, 𝐻0)361

Due to large deformations of the base state as 𝑏0 approaches zero, we are able to compute362
eigenmodes from the full-depth stability equations reliably only up to 𝑏0 = −0.3. However,363
we can then use our reduced surface-only model to predict the trend of the eigenvalues as364
𝑏0 gets closer to zero, where a cusp-shaped base free surface forms (the maximum value of365
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Figure 8. Comparison of full-depth linearized Euler and surface-only model eigenfunctions for 𝑏0 =

−2,−1,−0.5. Plotted are the real and imaginary parts of the free surface elevation ℎ(𝑥). Real part Euler
(black line); real part model (red dashed line); imaginary part Euler (blue line); imaginary part model (green
dotted line). Rows 1–6 show modes 0–5. An animation of the results for 𝑏0 = −0.5 is given in Movie 1 in the
supplementary material.
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𝑐 = −0.35 for the surface-only model. For 𝑏0 < 𝑏𝑐 , the system is stable; for 𝑏0 > 𝑏𝑐 , the

system is unstable.

𝑏0 considered here being 𝑏0 = −0.1). The continuation of the eigenvalues branches within366
this extreme parameter limit is shown in panel (b) of figure 7.367

4.4. Onset of instability368

The lowest-frequency modes 𝜔±1 become unstable at the critical values 𝑏0 = 𝑏
(𝐹𝐷)
𝑐 =369

−0.43 for the full-depth equations and 𝑏0 = 𝑏
(𝑆𝑂)
𝑐 = −0.35 for the surface-only model370

equations. In figure 9, we show the onset of the instability by plotting −𝜔2
±1 as a function of371

𝑏0. When−𝜔2
±1 < 0, the eigenvalues𝜔±1 form a real pair, corresponding to neutrally-stable372

oscillations. When −𝜔2
±1 > 0, the eigenvalues form a purely imaginary pair; we label the373

eigenvalue with positive imaginary part as 𝜔1 = 𝑖𝜎1, where 𝜎1 > 0, corresponding to374
exponential growth of the form 𝑒𝜎1𝑡 .375

This scenario is characteristic of a Hamiltonian pitchfork bifurcation (Marsden 1992).376
There are two caveats concerning the interpretation of this bifurcation. First, we consider377
here only linear stability and do not investigate the nonlinear states that may emerge378
following the instability. We therefore do not claim to establish a Hamiltonian pitchfork379
bifurcation in the full nonlinear sense. Rather, we observe that the eigenvalues exhibit380
the standard collision scenario associated with a Hamiltonian pitchfork bifurcation.381
Second, at the critical point the persistent zero eigenvalue associated with the Goldstone382
mode coincides with the pair of eigenvalues 𝜔±1 that become unstable. The eigenmode383
corresponding to the stable wave increasingly resembles the Goldstone mode as the critical384
point is approached: its frequency tends to zero, and at the critical point the real part of385
the eigenfunction coincides with the Goldstone mode. Thus, at the critical point, the zero386
eigenvalue has algebraic multiplicity at least three but geometric multiplicity one. The387
linearization at the critical point therefore has a 3×3 Jordan block associated with the zero388
eigenvalue.389

In figure 10, we show the unstable eigenfunctions for both the full-depth and surface-only390
equations slightly after the onset of the instability. The two eigenmodes differ, but they391
have similar characteristics. Both resemble the Goldstone mode to some degree, although392
the Goldstone mode is antisymmetric about 𝑥 = 𝜋, whereas neither of the unstable modes393
is. The unstable mode illustrates a small issue with the surface-only model. Let ℎ̄ be the394
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Figure 10. Comparison of the unstable eigenfunction between full-depth and surface-only model solutions
computed at the same reduced bifurcation parameter (𝑏0 − 𝑏𝑐)/|𝑏𝑐 | = 0.0698, corresponding to 𝑏0 = −0.4 for
full-depth and 𝑏0 = −0.32 for surface-model.

mean of ℎ over the horizontal domain. There is no constraint in the surface-only equations395
requiring ℎ̄ = 0, as is necessary for conservation of mass. For all the stable solutions396
considered up to this point, ℎ̄ is found to be zero. However, it is evident in figure 10 that397
ℎ̄ < 0 for the plotted surface-only eigenmode. Nonetheless, the surface-only eigenfunction398
is qualitatively similar to the full-depth eigenfunction even in this case, with the full-depth399
eigenfunction having ℎ̄ indistinguishable from zero.400

Figures 7–10 demonstrate that the surface-only model reproduces very well the behaviour401
of the full-depth calculations as 𝑏0 is varied, both in terms of the eigenvalues and the402
eigenfunctions. Significantly, it successfully captures the onset of the instability. This403
provides strong evidence that the surface-only model is capable of reproducing dynamics of404
linear surface waves on a non-trivial base flow with substantial vorticity and a significantly405
deformed free surface.406

5. Conclusions407

We have generalized the spatially two-dimensional set of equations previously derived in408
Zuccoli et al. (2025) to study the propagation of deep-water surface waves over a general409
steady base flow with a free surface. The model reduces the full-depth 3D problem to410
a 2D problem in horizontal coordinates only, which enables the computation of surface411
waves propagating on general depth-dependent flows (including non-potential flows) whose412
steady base free surface is not flat. The surface-only model is obtained by evaluating the413
linearized Euler equations on the base free surface and then introducing a closure condition414
to account for the vertical derivatives at the free surface. These surface-only equations have415
been derived from a heuristic argument following the same idea introduced in Zuccoli et al.416
(2025).417

We have verified the validity and the accuracy of the reduced surface-model to capture418
deep-water surface-wave modes for two test scenarios of increasing complexity. The first419
test has been performed against a unidirectional, depth-dependent base flow of constant420
depth 𝐻∞. The flow is characterized by a reference velocity U at the undisturbed free421
surface 𝑧 = 0, and by a reference horizontal length 𝜆. Although the free surface deformation422
in this case is null, the resulting full-depth stability problem cannot be solved by separation423
of variables, thus leading to a non-trivial structure in the corresponding eigensolutions.424
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We have shown that the surface-only model is capable of correctly reproducing both the425
eigenvalues and the eigenfunctions of the full-depth stability calculations up to moderate426
dimensionless flow speeds given by the Froude number U/

√
𝑔𝜆 = 𝐹 ∈ {0.25, 0.5, 1}.427

Moreover, we have shown the range of validity of our reduced model as a function of the428
water depth, and that good agreement is reached even down to an intermediate-deep water429
limit 𝐻∞/𝜆 ≳ 1.430

The second test problem concerns perturbations of a well-known analytical solution of431
the fully-nonlinear free surface Euler equations, namely the Gerstner waves solution. The432
flow associated to such waves is defined in Lagrangian coordinates and extends indefinitely433
below an upper non-flat free surface located at 𝑧 = 𝐻0(𝑥). The base flow used in our434
computations is defined by a one-parameter family of solutions dependent on 𝑘𝑏0, where435
𝑘 is the wavenumber of the Gerstner wave and parameter 𝑏0 ≤ 0 adjusts the steepness of436
the base free surface elevation. We linearized the fully-nonlinear governing equations and437
boundary conditions around this background steady flow and study the resulting full-depth438
stability problem varying 𝑘𝑏0. Even in this case the agreement between the exact and439
the model computations is remarkable both qualitatively and quantitatively for 𝑘𝑏0 ≲ −1.440
For 𝑘𝑏0 > −1 the quantitative predictions of the surface-model start to deviate more441
significantly, although qualitatively the same trend as the full-depth calculations is still442
followed. Notably, the model accurately predicts the collision of the eigenvalues associated443
with the first mode and the resulting onset of the corresponding instability (figures 7(a) and444
9), as well as the emergence of the Goldstone mode. In fact, as 𝑘𝑏0 approaches zero and445
the base flow becomes increasingly unstable, even the full-depth linearized Euler solution446
will suffer from the neglect of nonlinear terms, and hence the accuracy of the surface-only447
approximation becomes mute.448

Our study provides the first evidence, to the best of our knowledge, that sufficiently449
steep Gerstner waves are unstable to two-dimensional perturbations. The stability of450
Gerstner waves was previously studied in three-dimensions under a short-wavelength451
assumption using a Lagrangian formalism (Leblanc 2004). Future research could extend452
our two-dimensional investigation using the closure condition presented here to study453
three-dimensional perturbations to Gerstner waves without making the short-wavelength454
assumption. In addition, our use of periodic boundary conditions here has restricted455
perturbations to have the same wavelength as the base Gerstner wave and therefore does456
not allow perturbations with longer or incommensurate wavelengths. Such perturbations457
could be investigated using a Floquet analysis, which we leave for future work.458

In the authors’ opinion, the most important direction for future work is to establish more459
clearly the conditions under which the closure condition, and hence the resulting surface-460
only model, looses either validity or usefulness. As discussed in §2.4, the closure should461
be viewed as a statement about the vertical structure of the surface-wave perturbations462
rather than as a general consequence of the governing equations. In the two test scenarios463
considered here, the closure performs remarkably well in deep water, but this could only464
be established by comparison with full-depth calculations. A more useful understanding465
of the model would therefore require identifying, in advance, the flow, parameter regimes,466
and types of perturbations for which its predictions can be expected to be accurate.467

The limitations of the model are also clear from the information available to it. The468
only information about the vertical structure of the base flow entering the surface-only469
equations is its behaviour at the free surface, in particular the surface shear. Consequently,470
two background flows having the same surface values and surface shear but substantially471
different vertical structure in the interior will be indistinguishable to the surface-only472
model. For example, the shear-layer configuration considered by Longuet-Higgins (1998),473
in which the shear is confined to a layer below the free surface, cannot be distinguished474
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by our surface-only model from a base flow without such interior shear. Thus, the model475
cannot, in general, capture effects on surface waves arising from vorticity or shear confined476
away from the free surface. Understanding which features of the interior background flow477
can be neglected in determining the surface-wave dynamics would help establish when478
the closure can be expected to be valid, without requiring full-depth calculations for every479
case.480

With these caveats, the present surface-only model could also be used to predict the481
behaviour of deep-water surface waves on complicated flows with strongly deformed free482
surfaces that are out of reach of fully three-dimensional simulations, such as a vortex483
dipole, as briefly discussed by Vivanco & Melo (2004) from an experimental point of484
view. Other extensions to the present work could include the generalization of the reduced485
model derived in this work to account for other physical mechanisms and regimes, such486
as the inclusion of capillary and dissipative effects, and its extension to weakly nonlinear487
and fully-nonlinear water waves. Finally, the model is a time-dependent, two-dimensional488
system that is not restricted to describing just time-periodic eigenmode solutions, and could489
be used in time-domain simulations. We envision it being used to investigate phenomena490
that would be extremely challenging to simulate using the full time-dependent Euler491
equations, for example, the scattering of surface waves by strong vortices in deep water or492
the time-dependent propagation of highly dispersive water waves, or even the interaction493
of surface waves with metamaterial-like periodic arrays generated by periodic base flows.494

Supplementary material. Animations of the 𝑏0 = −0.5 results of figure 8 are available in495
the supplementary material as Movie 1.496
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Appendix A. Derivation of the closure condition without flow503
We present here a simple argument due to Young (2025) that our closure condition holds in the simplest possible
case of linear perturbations about a motionless, infinitely deep base flow. Let the perturbation velocity 𝒖′ be
given in terms of velocity potential 𝜙′. Then the perturbation dynamics are governed by 𝜕𝑡𝜙

′ = −𝑝′, with
∇2𝜙′ = 0. The combined kinematic and dynamic boundary condition on the free surface 𝑧 = 𝐻0 is 𝜕𝑡 𝑝′ = 𝑔𝑤′.
In terms of the potential this becomes

𝜕𝑡𝑡𝜙
′ + 𝑔𝜕𝑧𝜙

′ = 0. (A 1)

Letting 𝜒 = 𝜕𝑡𝑡𝜙
′+𝑔𝜕𝑧𝜙′, we have that 𝜒 = 0 on 𝐻0 by the boundary condition and ∇2𝜒 = 0 in the bulk because504

∇2 commutes with 𝜕𝑡 and 𝜕𝑧 . As the fluid is infinitely deep, 𝜙′ → a time-independent constant as 𝑧 → −∞,505
and hence we have also 𝜒 → 0 as 𝑧 → −∞. Hence, by uniqueness of the Dirichlet problem, 𝜒 = 0 in the bulk.506
Thus, rather trivially, 𝜕𝑧 𝜒 = 0 on 𝑧 = 𝐻0, which is the same as 𝜕𝑧𝑤′ = 𝜕𝑡 (𝜕𝑧 𝑝′/𝑔) on 𝑧 = 𝐻0, i.e. our closure507
condition (2.12) evaluated in this simplest case. Of course, by changing reference frame it can be shown that the508
closure condition also holds exactly for a base flow that is everywhere uniform. A more significant extension509
of this argument may work for an arbitrary potential base flow with a flat free surface, which we leave to future510
work.511
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Appendix B. Detailed derivation and analysis of the numerical solution to scenario 1512
In section 3.1.1, we derived the equations for the modal pressure 𝑝(𝑦, 𝑧),(

𝑘Fr 𝑓0 (𝑧)𝑞0 (𝑦) − 𝜔

) ( 𝜕2𝑝

𝜕𝑦2 + 𝜕2𝑝

𝜕𝑧2 − 𝑘2𝑝
)

−2𝑘Fr 𝑓0 (𝑧)𝑞′0 (𝑦)
𝜕𝑝

𝜕𝑦
− 2𝑘Fr 𝑓 ′0 (𝑧)𝑞0 (𝑦)

𝜕𝑝

𝜕𝑧
= 0, (3.4a)

𝜕𝑝

𝜕𝑧
− 𝜔2𝑝 + 2𝜔𝑘Fr𝑞0 (𝑦)𝑝 − 𝑘2Fr2𝑞2

0 (𝑦)𝑝 = 0, on 𝑧 = 0, (3.4b)

𝜕𝑝

𝜕𝑧
= 0, on 𝑧 = −ℎ∞, (3.4c)

subject to periodic boundary conditions in 𝑦, with 𝑓0 (𝑧) and 𝑞0 (𝑦) known functions, Fr, ℎ∞ and 𝑘 known
constants, and 𝜔 an unknown eigenvalue. Here we solve equations (3.4) using a spectral collocation method.
We expand the modal pressure 𝑝(𝑦, 𝑧) in Fourier and Chebyshev components along the spanwise and the
vertical directions, respectively (Trefethen 2000). By using Fourier nodes along the 𝑦-coordinate we ensure
periodic boundary conditions are automatically satisfied at the numerical level. To account for the vertical
dependence and boundary conditions along the free surface using Chebyshev nodes, it is first necessary to
remap the vertical domain from the physical one to 𝑧𝑐 ∈ [−1, 1]. This is done by employing the following
maps, dependent on whether the perturbation problem is solved in a finite-deep water domain (ℎ∞ < ∞), or in
an infinitely deep-water one (ℎ∞ = ∞):

𝑧(𝑧𝑐) =
ℎ∞
2

(𝑧𝑐 − 1), ℎ∞ < ∞, 𝑧(𝑧𝑐) = 𝐵map tan
[ 𝜋

4
(𝑧𝑐 − 1)

]
, ℎ∞ = ∞, (B 1a,b)

The vertical gradient transforms according to

𝜕

𝜕𝑧
=

2
ℎ∞

𝜕

𝜕𝑧𝑐
, ℎ∞ < ∞,

𝜕

𝜕𝑧
=

( 4
𝜋𝐵map

) 1

1 + tan2
[
𝜋
4 (𝑧𝑐 − 1)

] 𝜕

𝜕𝑧𝑐
, ℎ∞ = ∞. (B 2a,b)

Calling 𝐷𝑦 , 𝐷𝑧 , 𝐷
2
𝑦 , 𝐷

2
𝑧 the resulting numerical differentiation matrices in the two spatial directions, and the

values of the eigenfunction 𝑝 at the spectral nodes𝛷𝑖, 𝑗 = 𝑝(𝑦𝑖 , 𝑧 𝑗 ) for (𝑖, 𝑗) ∈ [1, 𝑁𝑦] × [1, 𝑁𝑧], equations (3.4)
at the numerical level become[

(𝐹𝑘 𝑓0 (𝑧 𝑗 )𝑞0 (𝑦𝑖) − 𝜔) (𝐷2
𝑦 + 𝐷2

𝑧 − 𝑘2) − 2𝐹𝑘 𝑓0 (𝑧 𝑗 )𝑞′0 (𝑦𝑖)𝐷𝑦 − 2𝐹𝑘 𝑓 ′0 (𝑧 𝑗 )𝑞0 (𝑦𝑖)𝐷𝑧

]
𝛷𝑖, 𝑗 = 0, (B 3a)

[𝐷𝑧 − 𝜔2 + 2𝜔𝐹𝑘𝑞0 (𝑦𝑖) − 𝐹2𝑘2𝑞2
0 (𝑦𝑖)]𝛷𝑖,1 = 0, (B 3b)

[𝐷𝑧]𝛷𝑖,𝑁𝑧
= 0. (B 3c)

The boundary conditions (B 3c) and (B 3b) are enforced directly in the bulk equation (B 3a) by finding the
indices of the bulk matrices where 𝑧𝑐 = −1 and 𝑧𝑐 = 1, respectively, and substituting the corresponding
discretized operators contained in the numerical boundary conditions. This yields a polynomial eigenvalue
problem which can be compactly written in matrix form as

[𝑲𝑵 + 𝜔𝑪𝑵 + 𝜔2𝑴𝑵 ]𝜱𝑁 = 0, (B 4)

where 𝑲𝑵 ,𝑪𝑵 ,𝑴𝑵 represent the stiffness, damping and mass matrices coming from the implementation of513
equations (B 3), and𝜱𝑁 = (𝛷1,1, . . . ,𝛷1,𝑁𝑧

,𝛷2,1, . . . ,𝛷2,𝑁𝑧
, . . . ) is the total array of the eigenfunction 𝑝(𝑦, 𝑧)514

evaluated at the spatial nodes. This discretized problem is then solved numerically using Matlab’s polyeig515
function.516

It is well known that spectral methods are prone to giving rise to spurious eigenvalues and eigenfunctions.517
These are numerical artifacts caused by numerical under-resolution of highly-oscillatory modes; that is,518
eigenfunctions that do satisfy the discretized problem but do not approximate solutions of the continuous519
eigenvalue problem. Following Brambley & Peake (2008) (see also Brambley 2007, p. 58–61), we implement520
two tests to remove such spurious numerical modes from the numerical solution of equation (B 4). This is a521
modified version of the numerical tests described in appendix A of Zuccoli et al. (2024) to account for the522
presence of doubly-degenerate eigenvalues in the present case, as described in Zuccoli (2023, §2.4.1).523
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Appendix C. Unphysical modes of the model524
We recall the modal formulation of the surface-only model equations (2.13) for the two scenarios investigated
in this work. For scenario 1 these read

𝑈0 |𝐻0𝜕𝑥 𝒖̂⊥ +
(
𝑣̂ (𝜕𝑦𝑈0)

��
𝐻0

+ 𝑤̂ (𝜕𝑧𝑈0) |𝐻0

)
𝒆𝒙 + ∇⊥ ℎ̂ = i𝜔𝒖̂⊥, 𝑈0 |𝐻0𝜕𝑥 𝑤̂ + 𝑝𝑧 = i𝜔𝑤̂, (C 1a,b)

𝑈0 |𝐻0𝜕𝑥 𝑝𝑧 + ∇⊥ · 𝒖̂⊥ = i𝜔𝑝𝑧 , 𝑈0 |𝐻0𝜕𝑥 ℎ̂ − 𝑤̂ = i𝜔ℎ̂, (C 1c,d)

with 𝜔 denoting eigenvalues and 𝒘 = (𝒖̂⊥, 𝑤̂, 𝑝𝑧 , ℎ̂)𝑇 the corresponding eigenfunctions.525
For scenario 2, the surface-only model equations read

𝑈0 |𝐻0𝜕𝑥 𝑢̂ + 𝑢̂ 𝜕𝑥𝑈0 |𝐻0 + 𝑤̂ 𝜕𝑧𝑈0 |𝐻0 + 𝜕𝑥 (𝑔0 ℎ̂) − 𝐻′
0𝑝𝑧 = i𝜔𝑢̂, (C 2a)

𝑈0 |𝐻0𝜕𝑥 𝑤̂ + 𝑢̂ 𝜕𝑥𝑊0 |𝐻0 + 𝑤̂ 𝜕𝑧𝑊0 |𝐻0 + 𝑝𝑧 = i𝜔𝑤̂, (C 2b)

𝑈0 |𝐻0𝜕𝑥 (𝑝𝑧/𝑔0) −
𝜑0
𝑔0

𝑝𝑧 + 𝜕𝑥 𝑢̂ = i𝜔𝑝𝑧/𝑔0, (C 2c)

𝑈0 |𝐻0𝜕𝑥 ℎ̂ + 𝑢̂𝐻′
0 − 𝜑0 ℎ̂ − 𝑤̂ = i𝜔ℎ̂, (C 2d)

with again 𝜔 denoting eigenvalues and 𝒘 = (𝑢̂, 𝑤̂, 𝑝𝑧 , ℎ̂)𝑇 the corresponding eigenfunctions.526
The spectrum of the surface-model equations contains “unphysical” eigenvalues that need to be removed.527

Such unphysical modes arise because the surface-model equations cannot distinguish whether the fluid extends528
infinitely deep below or infinitely high above the base free surface 𝐻0.529

To decide which eigenvalues are unphysical and need to be discarded, we define the following parameter

𝛽 =
1

2𝜋

∫ 2𝜋

0
Re

(
𝜕𝑧 𝑝

′ |𝐻0 (𝑠)
𝑝′ |𝐻0 (𝑠)

)
d𝑠 =

1
2𝜋

∫ 2𝜋

0
Re

(
𝑝𝑧 (𝑠)

𝑔0 (𝑠) ℎ̂(𝑠)

)
d𝑠, (C 3)

where the integration variable 𝑠 here refers to 𝑦 in the first scenario, and 𝑥 in the second scenario. Parameter 𝛽
can be interpreted as a mean value of the vertical decay/growth rate of the modes. Thus, being interested in the
propagation of surface waves on the upper surface above an infinitely deep fluid, if 𝛽 is sufficiently positive, the
mode is likely to be a good candidate. On the other hand, if 𝛽 is sufficiently negative, the mode is likely to be
“unphysical” and needs to be discarded. To evaluate this feature more quantitatively, we set a tolerance 𝛿𝛽 and
define the following criteria to recognize “physical” meaningful eigenvalues from “unphysical” ones:

if 𝛽 > 𝛿𝛽 ⇒ physical eigenvalue,
if 𝛽 < −𝛿𝛽 ⇒ unphysical eigenvalue

(C 4)

For scenario 1, the expression of 𝛽 is obtained analytically as

𝛽 = 𝜔2 + 𝑘2Fr2

2
. (C 5)

In figure 11 we show the whole spectrum of the surface-only model equations (C 1)–(C 2) computed at
Fr = 0.5 for the scenario 1, and at 𝑏0 = −1 for the scenario 2, both with tolerances 𝛿𝛽 = 0.01. The plots
show the eigenvalues passing the selection criteria (green dots) and those which do not pass it (red crosses).
More specifically, regarding the parabolic branches in panel (b) of figure 11 these can be thought to be the
continuation as 𝑏0 gets larger of the unphysical branches obtained when 𝑏0 → −∞. In this limit, the eigenvalues
predicted by the model are given by

𝜔
(1,2)
𝑛 = 𝑛 ±

√︁
|𝑛|, and 𝜔

(3,4)
𝑛 = 𝑛 ± i

√︁
|𝑛|, 𝑛 ∈ Z \ {0}. (C 6)

The two branches 𝜔 (3,4) correspond to the “unphysical” eigenvalues with 𝛽 = −1.530

Appendix D. Exact solutions of the eigenvalue problems in the case of a flat free surface531
In this section we want to obtain the exact eigensolutions for both the first model validation problem and the532
Gerstner wave perturbation problem in the limit the steady free surface becomes flat. In the first case this533
condition corresponds to Fr = 0; in the second it corresponds to 𝑏0 → ∞. For the purposes of this paper, we534
show here the solutions in the infinitely deep-water regime.535
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Figure 11. (a): Full spectrum of the model equations (C 1) computed at Fr = 0.5. (b): Full spectrum of the
model equations (C 2) computed at 𝑏0 = −1. Red crosses: “unphysical” eigenvalues not passing the selection
criteria (C 4). Green dots: “physical” eigenvalues passing the selection criteria (C 4).

D.1. Exact solution for scenario 1536
When Fr = 0 and ℎ∞ = ∞, the eigenproblem (3.4) simplifies into

𝜕2𝑝

𝜕𝑦2 + 𝜕2𝑝

𝜕𝑧2 − 𝑘2𝑝 = 0, (D 1a)

𝜕𝑝

𝜕𝑧
= 𝜔2𝑝, on 𝑧 = 0, and 𝑝 → 0, as 𝑧 → −∞. (D 1b,c)

Due to the periodicity in 𝑦, we can search for a solution in the form 𝑝(𝑦, 𝑧) = 𝑓 (𝑧)𝑒i𝑛𝑦 , with 𝑛 ∈ Z. This gives
the eigenproblem

𝑓 ′′ − (𝑛2 + 𝑘2) 𝑓 = 0, (D 2a)

𝑓 ′ (0) = 𝜔2 𝑓 (0), and 𝑓 (−∞) = 0, (D 2b,c)
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whose solutions read

𝑓 (𝑧) = 𝐴e
√
𝑛2+𝑘2𝑧 , and 𝜔𝑛 = ±

(
𝑛2 + 𝑘2)1/4

, 𝑛 ∈ Z. (D 3a,b)

D.2. Exact solution for scenario 2537
When 𝑏0 = −∞, the velocity is uniform in the 𝑥-direction only and all the quantities depending on 𝑏0 go to zero.
Hence, the eigenproblem (4.6) can be re-written entirely in terms of the pressure and assumes the following
form

𝜕2𝑝

𝜕𝑥2 + 𝜕2𝑝

𝜕𝑧2 = 0, (D 4a)

𝜕𝑝

𝜕𝑧
= −

( 𝜕

𝜕𝑥
− i𝜔

)2
𝑝, on 𝑧 = 0, and 𝑝 → 0, as 𝑧 → −∞. (D 4b,c)

Again, due to the periodicity in 𝑥, we can search for a solution in the form 𝑝(𝑦, 𝑧) = 𝜓(𝑧)𝑒i𝑛𝑥 , with 𝑛 being an
integer. This returns the eigenproblem

𝜓′′ − 𝑛2𝜓 = 0, (D 5a)

𝜓′ (0) = (𝜔 − 𝑛)2𝜓(0), and 𝜓(−∞) = 0, (D 5b,c)

whose solutions read

𝜓(𝑧) = 𝑒 |𝑛 |𝑧 , and 𝜔𝑛 = 𝑛 ±
√︁
|𝑛|, 𝑛 ∈ Z \ {0}. (D 6a,b)

Note that the convention used to denote the eigenvalues computed numerically and shown in figure 7 is that538
of increasing modulus, i.e. |𝜔0 | < |𝜔±1 | < |𝜔±2 | . . . and does not correspond to the notation used in equation539
(D 6), which instead denotes the eigenvalues based on the periodicity of the corresponding eigenfunctions.540
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